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Abstract

We show that the first- and second-order Reed-Muller codes, R(1,m) and
R(2,m), can be used for permutation decoding by finding, within the translation
group, (m — 1)- and (m + 1)-PD-sets for R(1,m) for m > 5,6, respectively, and
(m — 3)-PD-sets for R(2,m) for m > 8. We extend the results of Seneviratne [14].

1 Introduction

The first- and second-order Reed-Muller codes, R(1,m) and R(2,m), are binary codes
with large minimum weight, being the codes of the affine geometry designs over Fy of
points and (m — 1)-flats or (m — 2)-flats, respectively, and with the minimum words
the incidence vectors of the blocks. Furthermore, they each have a large automorphism
group containing the translation group, making them good candidates for permuta-
tion decoding. Seneviratne [14] found 4-PD-sets for the first-order Reed-Muller codes
R(1,m) for m > 5. We extend his method to find (m —1)-PD-sets of size 5(m?+m+4)
for R(1,m) for m > 5, (m + 1)-PD-sets of size (m3 + 5m + 12) for R(1,m) for m > 6,
and (m — 3)-PD-sets of size §(m? + 5m + 12) for R(2,m) for m > 8.

We prove the following theorem.

Theorem 1 Let V =TF35 and C; = {v | v € V,wt(v) =i} for 0 <i <m. Let T, denote
the translation of V by u eV,

Am:{Tu|’LLECQU01UOQUCm}, Bm:AmU{Tu’ZLECQJ,},

then
1. Ay, is an (m —1)-PD-set of size 3(m? + m+4) for R(1,m) and m > 5 using the
information set Cy U Cq;

2. By, is an (m + 1)-PD-set of size %(m?’ + 5m + 12) for R(1,m) and m > 6 using
the information set Cy U Cy;



2 BACKGROUND AND TERMINOLOGY 2

3. By, is an (m — 3)-PD-set of size %(m?’ + 5m + 12) for R(2,m) and m > 8 using
the information set Cy U C7 U Ch.

The theorem will follow from Propositions 1, 2 and 3 in Sections 4 and 5. Before stating
and proving these propositions, we give some background results and definitions.

2 Background and terminology

Most of the notation will be as in [1], with some exceptions noted. An incidence structure
D = (P,B,I), with point set P, block set B and incidence Z is a t-(v, k, \) design, if
|P| = v, every block B € B is incident with precisely k points, and every t distinct
points are together incident with precisely A blocks. We deal here with the design of
points and t-flats, where ¢ > 1, of the affine space AG,,(F2), which we will denote by
AG,, +(F2), and in particular with the case of t = m — 1 (points and hyperplanes or
(m — 1)-flats) and t = m — 2 (points and (m — 2)-flats).

For F' = [, where p is a prime, the code Cp = Cp(D) of the design D over the finite
field F is the space spanned by the incidence vectors of the blocks over F. We take F' to
be a prime field F,, where p must divide the order of the design. If the incidence vector
of a subset Q of points is denoted by v<, then Cp = <UB | B e B>, and is a subspace of
FP . the full vector space of functions from P to F.

A linear code over F, of length n, dimension £, and minimum weight d, is denoted by
[n,k,d]q. If ¢ is a codeword then the support of ¢, Supp(c), is the set of non-zero
coordinate positions of ¢, and the weight (or Hamming weight) of ¢, wt(c), is the size
of its support. A constant word in the code is a codeword all of whose non-zero
coordinate entries are equal. The all-one vector 7 is the constant vector with all entries
equal to 1. The value of ¢ at the coordinate position P will be denoted by ¢(P). An
automorphism of a code C' is an isomorphism from C' to C.

Permutation decoding was introduced by MacWilliams [10] and Prange [12] and
involves finding a set of automorphisms of a code called a PD-set. The method is
described fully in MacWilliams and Sloane [11, Chapter 15] and Huffman [4, Section 8§].
The concept of PD-sets was extended to s-PD-sets for s-error-correction in [6] and [8]:

Definition 1 If C is a t-error-correcting code with information set T and check set C,
then a PD-set for C is a set S of automorphisms of C which is such that every t-set
of coordinate positions is moved by at least one member of S into the check positions C.

For s <t an s-PD-set is a set S of automorphisms of C' which is such that every s-set
of coordinate positions is moved by at least one member of S into C.

The efficiency of the algorithm for permutation decoding (see [4, Section 8], or [7,
Section 2]) requires that the set S is small; there is a combinatorial lower bound on its
size due to Gordon [3] and Schénheim [13] (see [4] or [7]). A partial survey of known
results concerning s-PD-sets for codes from designs and geometries can be found in [5]
or at the website:

http://wuw.ces.clemson.edu/"keyj/ and, in particular,
http://www.ces.clemson.edu/ keyj/Key/c2008.pdf.
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3 Reed-Muller codes

We use the notation of [1, Chapter 5] or [2] for generalized Reed-Muller codes. Let
g = p', where p is a prime, and let V be the vector space Fy" of m-tuples, with standard
basis. The codes will be ¢g-ary codes with ambient space the function space FZ, with the
usual basis of characteristic functions of the vectors of V. We can denote the elements
f of ]F;/ by functions of the m-variables denoting the coordinates of a variable vector
in V, ie. if x = (x1,292,...,2,,) € V, then f € IF}I/ is given by f = f(x1,22,...,2m)
and the x; take values in F,. Since a? = a for a € IF4, the polynomial functions can be
reduced modulo z] — z;. Furthermore, every polynomial can be written uniquely as a
linear combination of the ¢"”* monomial functions

M:{xilx?...xfg\ogikgq—l, for 1 <k <m}.

For any such monomial the degree p is the total degree, i.e. p = > ;" i and clearly
0<p<m(qg—1).

The generalized Reed-Muller codes are defined as follows (see [1, Definition 5.4.1]):

Definition 2 Let V = F;" be the vector space of m-tuples, for m > 1, over Fy, where
q = p' and p is a prime. For any p such that 0 < p < m(q—1), the ptt-order general-
ized Reed-Muller code Ry (p,m) is the subspace of IF}I/ (with basis the characteristic
functions of vectors in' V') of all m-variable polynomial functions (reduced modulo x! —x;)
of degree at most p. Thus

m
RFq(p,m) = (x’llx?xﬁ,”; |0<ix <qg—1, for1 <k <m, sz < p).
k=1

These codes are thus codes of length ¢ and the codewords are obtained by evaluating
the m-variable polynomials in the subspace at all the points of the vector space V' = ]F;”.

The code R]Fp((m —71)(p — 1),m) is the p-ary code of the affine geometry design
AGy, »(IFp): see [1, Theorem 5.7.9].

The Reed-Muller codes are the codes Ry, (r,m) and are usually written simply as
R(r,m), where 0 < r < m. The standard well-known facts concerning R(r,m) (see, for
example, [1, Theorem 5.3.3]), can be summarized as:

Result 1 For 0 <r <m, R(r,m) is a 2™, (7) + () +--- + (), 2™ )3 binary code.
Furthermore, R(r,m) = Co(AGum—r(F2)) and the minimum-weight vectors are the

incidence vectors of the (m —r)-flats. The automorphism group of R(r,m) is the affine
group AG L, (F2) for 0 <r <m — 1.

For permutation decoding, the following is Proposition 1 of [7] stated for generalized
Reed-Muller codes:

Result 2 Let f, m 4 denote the dimension and dy, m 4 the minimum weight of Rr, (v,m).
If s =min([(¢"™ — 1)/ fum.qls [(dvmq —1)/2]), then the translation group T,,(F,) is an
s-PD-set for Ry, (v,m).
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For the Reed-Muller codes this becomes:

Result 3 For 0 < r <m, the translation group T,,(F2) is an s-PD-set for R(r,m), for
§= min( L(Qm - 1)/pr,mJa2m_T_1 - 1), where Prm = (%1) + (rln) + -+ (m)

T

These results hold for any information set for the code. As an illustration of Result 3,
Table 1 shows the value of s for which the translation group is an s-PD-set (of size 2™)
for R(1,m) or R(2,m), and 4 < m < 16, using any information set.

| m  J4]s]6[7[8[9f10]11[12]13] 14 ]| 15 [ 16 |
R(L,m) [3]5[9[15[28]51[93]170 [ 315 [ 585 [ 1092 | 2047 | 3855
R(2,m) [1[1][2[4]6 [11]18] 30 | 51 | 89 | 154 [ 270 [ 478

Table 1: Translation group as s-PD-set

We will use coding-theoretic terminology and notation for vectors in V' = F5'; we do
not expect that any confusion should arise with the vectors in the code R(r, m) since
we will not need to deal with the latter vectors in our search for PD-sets. Thus, using
the standard basis {e1,..., ey} for V = F3', and writing ey for 0 € V, for each v =
Yo Aie; € V, let wt(v) be the weight of v, i.e. the number of non-zero A;. The support
of v=73""_, e; €V will be denoted by Supp(v) = {i,...,ir}. If X C{1,...,m}, then
v(X) will denote the vector with support X, and if X = {i1,..., .} we will write simply
v(iy,. .., %), for convenience. (This contrasts with notation vX for codewords described
in Section 2 above.)

Following the notation in [14], for 0 < ¢ < m, let
Ci={v|veV, wt(v) =1i}. (1)
Let f = x;, ... x;, be a monomial function of degree r. If i < r and v € C; then f(v) = 0.
Also, if i =7,v e C;and v # ¢€;, + ...+ e;, then f(v) =0. So, it is easily seen that
I, =CouCiU...UC, (2)
is an information set for R(r,m). (Alternatively, see [7, Corollary 2].)

The translation group 7,,(F2) acts on R(r,m) in the following way: for each v € V,
denote by T, the translation of V given by T,, : v — v + u. This mapping acts on
R(r,m) by f+— fu= foTu, i.e. fu(v)=f(u+wv) foralveV.

4 s-PD-sets for R(1,m)

We now look for subsets of the translation group that will be s-PD-sets for R(1,m) for
some s. Using the notation from the previous section, let

Am:{Tu|uEC'0UC'1UC'2UCm}. (3)

Then |Ap| = (") +2 = L(m? + m + 4). We will use the information set Z = Z; with
check set C =V \ Z. We write e = €1 + €2 + ... + €, for the all-one vector of V = F5".
In [14], the following result is proved.
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Result 4 For m > 5, A,, is a 4-PD-set of size (m;rl) + 2 for R(1,m) with respect to
the information set I.

It is also conjectured in [14] that A,, is a 5-PD-set for R(1,m). This is true for m > 6
but not for m = 5. There are further results for PD-sets for punctured first-order
Reed-Muller codes for small m in [9].

We prove the following:

Proposition 1 If m > 5 then A,, is a (m — 1)-PD-set, but not an m-PD-set, for the
2™ m +1,2™ 1)y code R(1,m) with respect to the information set T.

Proof: Let S = {0,e1,...,em-3,6m—2 + €m—1 + €m,e}. It is immediate that ST, =
{u,e1+u,...,em—3+u,em_2+em_1+en+u,et+u} has an element of weight at most 1
ifue CouCyUCyUC),. Hence, SO & C for all § € A,,, and so A,, is not an m-PD-set
for any m.

Now suppose that S is an (m — 1)-subset of V. We write S; = {v |v € S, wt(v) =i} =
SNC;and l; =S, 0 <i<m. Then m —1=>",1;. For every choice of S we need
to find a translation T, € A,, such that ST, C C.

Ifl,,_1+ Ly =0, then ST, C C. This includes the case [y = m—1. If l,,,_1 +,, = 1 and
li=m—2,then 0¢ S and C; \ S1 = {e;,e;} for some i and j. In this case, STe, C C.

Now, suppose that l,,_1 + 1, > 1and [y < m —3. Let n =m — ;. Thus, n > 3. By
relabelling the elements of the basis of V', we may suppose that C; \ S1 = {e1,...,en}.
Sincem >5,m—1>lg+hL+l+Il3+ln1+l,>m—n+1+I1y+ 1+ [3. Hence,
lo 4+ 13 <n—2—1Iy. Note that [j =0 or 1.

Let [1,n] = {1,...,n}. Fori,j € [1,n] with i < j, we define: (i) a;; to be 1 if e;+¢e; € S
and 0 otherwise; (ii) b;; to be the number of k with 1 < k < n and {i,j,k} a 3-set
for which e; + e; + e € S; (iii) ¢;; to be the number of k with £ > n and {7, j,k} a
3-set for which e; +ej + e, € S. The sum I5 = >, ;, ai; counts the number of
elements in Sy of the form e; + e; with 1 < 4,5 < n. The sum [3* = %Zlgiq‘gn bi j
counts the number of elements in S3 of the form e; +e; + e with 1 <4, j,k < n. The
sum Zl§i<j§n ¢;; counts the number of elements in S3 of the form e; + e; + e, with
exactly two of the indices i, 7,k in [1,n]. Hence, I = Zl§i<j§n (%bi,j + ci,j) counts the
number of elements in S3 of the form e; + e; + e, with [{7,7,k} N [1,7n]| > 2.

Hence, writing f; ; = a; ; + %bi,j + ¢ j, we get

S fu=BAE<btl<n-2-l 0

1<i<j<n

Suppose that f; ; > 0 for all 2-sets ¢, 7 with 1 <4 < j < n. Then, the left hand side of
equation (4) is at least (%). Moreover, £(3) — (n—2) = %("53) > 0 for n > 3. Hence,
the inequalities in (4) are equalities, l[p = 0 and n = 3 or 4. Also, for every pair {7, j}
in [1,n|, either e; + e; € Sy or e; + e + e, € S3 for some k different from ¢ and j.

Ifn =3, then 5+15 =la+13 = 1. Hence, 5 = 0,15 =1, So = () and S5 = {e1 +ea+es}.
But then ST, C C.
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If n = 4, then lp + 3 = 2. By the condition f; ; > 0 for every pair 4, j in [1,4], all six
pairs must occur in the support of vectors of weight 2 or 3. However, since at most five
pairs can occur in two vectors of weight 2 or 3, this case cannot occur.

Otherwise, we can find ¢,j € [1,n| with ¢ < j and f; ; = 0. Hence, a;; = b; j = ¢; j; = 0.
Let u = e; + €. Then neither u nor any u + ¢;, with 1 <1 < m, [ # 4,7, is in S.
So, if v € Sy U S5 we get wt(v + u) > 2 by the choice of u. If v € S; with ¢ > 4,
wt(v+u) > i—2 > 2. If v € S;, we have v = e, with £ > n and consequently
wt(v + u) = 3. Finally, wt(0 4+ u) = 2. Hence, ST,, CC. R

We now improve on this, but we need to increase the set of translations. Thus let
By, ={T,|ueCouCiUCyUC5UCyp,}. (5)

Then |By,| = 2+m+ (3) + (3) = §(m? + 5m +12),

Proposition 2 If m > 6 then By, is an (m+ 1)-PD-set for the 2™, m+1,2™7 1]y code
R(1,m) with respect to the information set Z.

Proof: Use the notation of Proposition 1. The check set C corresponding to Z consists
of all vectors of weight at least 2. Here S is an (m+1)-subset of V, and m+1 = > L;.
We need to show that for every choice of S, there is a translation T, € B,, such that
ST, C C. As before, S; = SNC; for 0 <i < m.

If lyy—1 + Uy, = 0, then ST, C C. So suppose lyy—1 + 1y > 1. If Iy =m and S\ C; = {u}
where wt(u) > m — 1, then T, je,4e, will work, since m > 6. If j = m — 1 and
C1\ S1 = {e;} then T,, will work unless the remaining element in S is 0 or e; + ¢, for
some j # 4. In either case T¢, e, +e,, Where k, 1 # j, will do.

Thus we take I{ < m — 2. As in the proof of Proposition 1, let n = m — l; where n > 2.
Sincem>6, m+1>lg+hL +l+Il3+lpm1+ln>m—n+1+I1y+ 1+ l3. Hence,
lo + 13 <n — 1y where [ =0 or 1.

By relabelling the elements of the basis for V', we may suppose that C1\S1 = {e1,...,en}.
We continue with the notation introduced in the proof of Proposition 1. We can write
S ={0,€n11y-r€my Uy Upt O S = {€ni1,- s Em,y UL, .., Up, Upt1}, according as
lo =1 or 0, where the first I3 + 5 of the w;’s are the elements of Sy U S3 meeting [1, n]
in at least two points, the next o + I3 — [5 — I3 of the u;’s are the remaining elements of
So U S3, and the remaining u;’s, of which there is at least one, have weight at least 4.
Also, wt(up) >m —1>5 or wt(upy1) > m — 1> 5 according as lp = 1 or 0.

Arguing as in the proof of Proposition 1, if f;; > 0 for all pairs i,j € [1,n], then
%(72‘) <n-1iflp =1, and %(g) < nif lp = 0. We deal with these two cases separately.
Note that f; ; > 0 implies that lo 413 > 15 415 > 0.

1. lp = 1. Then %(g) <U3+15 <ly+13 <n—1. In particular, 2 <n <6.
The number 5 + 15 of 2-sets and 3-sets in [1,n] needed to contain all 2-sets is at
least n — 1 forn =2o0r 4 <n <25, at least 1 if n = 3 and at least 6 for n = 6.
Hence, the case n = 6 cannot occur and, for n = 2, 4 and 5, I5 = Iy, I3 = 3.
Moreover, for n =4 and 5, I3* > n — 2.
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For n = 2, 4 and 5, at most one of the elements wq, ..., u,_1 has a support
meeting [1,n] in 2 points. Hence, Ty (1 n41,m) Will map S into C unless n = 5 and
m = 6. In this case, each of w1, ue, us and uy must have weight 3 and their
supports must lie in [1,5]. Hence, Ty, 2,6) Will map S into C.

If n = 3, then we have u; = e; + e2 + e3. If possible, choose i € [1,3]\Supp(u2)
and let v = v(i,4,5). This will certainly be the case if wt(ug) < 3. If wt(ug) = 4
and [1,3] € Supp(uz), let v = v(1, j, k) with j,k € [4, m]\Supp(uz) and j # k. If
wt(ug) > 5, let v =v(1,4,5). In all cases, T, will map S into C.

2. lp = 0. Then %(g) <5 +15 <ly+ 13 <n. In particular, 2 <n < 7. Also, if there
is an i € [1,n] which is not in the support of any wu; of weight 2 then T¢, will map
S into C. So, we may suppose that every i € [1,n] is in the support of some u; of
weight 2. We will refer to this as assumption (*).

As for the case lp = 1, we see that I5 + 15 > 1, 1, 3, 4 or 6 according as n = 2, 3,
4, 5 or 6. Moreover, I53* > 2, 3 or 6 according as n = 4, 5 or 6. Additionally, when
n =7 we see that [5 + 15 > 7 and [3" > 7.

(i) n = 2. If |[Supp(u1) U Supp(u2)| < m — 2, let v = wv(i, j, k) where j, k &
Supp(u1) U Supp(ug) and i # j and k. Otherwise, |Supp(u1) U Supp(usg)| >
m — 1 > 5. Hence, wt(u;) and wt(ug) are not both 2. By assumption (*),
U]l = e1 + es.
If possible, choose i € Supp(u1)\Supp(uz2) and j,k € Supp(uz)\Supp(u1)
with j # k, and let v = v(4,7, k). If this is not possible, then Supp(ui) C
Supp(uz) and |[Supp(uz)| > m — 1 > 5. We can then choose distinct 4, j,k €
Supp(ug)\Supp(u1) and let v = v(1, j, k).
In all cases, T;,, maps S into C.

(i) n = 3. Suppose first that e; + ea + e3 = u; € S. By assumption (*),
wt(u;) = 2 and Supp(u;) C [1,3] U {j} for some j € [4,m] and for i = 2 and
3. Let v =v(1, k,1), where k,l € [4,m]\{j} and k # L.
Ifei +ex+e3 & S then I5415 = 3 and u1 = e1 +ea+01€j, ug = ea +e3+daey,
and ug = e1 + e3 + d3e;, where §; € {0,1} for i € [1,3] and j, &k, € [4,m] but
not necessarily distinct. Let v = v(4, 5, 6).
In all cases, T, maps S into C.

(ili) n =4 or 5. We may now assume that wt(u;) = 2.
At most two of the u;, 1 < i < n, have supports meeting [1, n] in sets of size at
most 2. By (*), we must have n = 4, wt(ug2) = 2 and Supp(u1) U Supp(usz) =
[1,4]. Then i5 + 15 = Iy + 13 = 4 and wt(u;) = 3 and Supp(u;) C [1,4] for
i =3 and 4. Let v =v(1,4,5). Then T}, maps S into C.

(iv) n = 6 or 7. Here I5+ 15 = n and all n elements of Sy U S5 have weight 3.
This is excluded by assumption (*).

Thus there is a pair 7, j for which f; ; = 0 and we can complete the proof as in Propo-
sition 1. B
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5 s-PD-sets for R(2,m)

We now adapt the method of proof of Propositions 1 and 2 to establish the following
proposition for R(2,m). Here the information set is Z = Z5 and the check set is
C = V' \ Z; the latter consists of all vectors of weight at least 3. Other notation is as in
Section 4.

Proposition 3 Ifm > 8 then By, is an (m—3)-PD-set for the [2™,1+m+ (y),2™ 2],
code R(2,m) with respect to the information set Zs.

Proof: We first observe that B,, is not an (m — 2)-PD-set, since the (m — 2)-set S =
{e1+ e+ e3+eq,e5,...,em,e} is not mapped into C by translation with any element
of B,,.

Now let S be a set of size (m — 3) in V. As before, S; = SN C; and [; = |S;|, for
0<i<m. Thus m—-3 = Z;nol We let n = m — [; and arrange the notation so
that C1\S1 = {e1,...,en}. We have to show that there is an element v € B, so that
ST, CC.

If I, 9o + 1 + I, = 0, then we may take v = e. For the rest of the proof, we
assume that l,,_o + ln—1 + 1, > 1. If [{ = m — 4, then [j = 0 and we may take
v = e1 + e2. Thus, we may assume that I; < m — 5, that is, n > 5. Since m > 8,
m—3>lg+li+lo+ls+la+ls+lpm—o+lm1+lm>m—m+1+lg+ls+1ls+14+15.
Hence, Is + I3+ 14+ 15 <n—4—I.

We now define a collection of functions defined on the triples {i,j,k} of [1,n]. To
simplify notation we will suppose that 1 < i < j < k < n. Then (i) a;; is the
number of pairs {#,7'} with v(i/, ') € Sg and ', 7" € {i,7,k}; (i) bl(zz)k is the number
of trlples {¢,7,K'} C [1,m] with v(¢, 5, k") € Ss and [{¢, 5, k'} N {4, j,k‘}| =p =
i, 7' Ky n 1, n” for p = 2 and 3; (iii) ¢; (» )k is the number of quadruples {i’, 5/, k',1'} C
[1,m] with v(¢,j',k',I") € Sa, {i,7,k} C {¢,7,K,I'} and ]{z,] KUy 0 (1]l = p,
for p = 3 or 4; (iv) d(p)k is the number of quintuples {¢', 7", k', I',m'} C [1,m] with
v(i, 7 K U,m') € Ss, {z gk} C {5 KU, m'} and {7/, 5, K/, l’ m'} N [1,n]| = p, for
p=3,4orb.

If I3 is the number of pairs {i’,j'} C [1,n] with v(7, j') € Sz, then 37 ;i r<,, Gijk =
lh(n —2). - -

Clearly, Zl<i<j<k<n bg?k is the number [5 of elements of S3 with support in [1,n]. If
14 denotes the number of elements of S35 whose support meets [1,7n] in a set of size 2,

2
then Zl§i<j<k<n b;,j)k = l”( 2).

If I} and 1] denote the numbers of elements of Sy whose support meets [1,n] in sets of
3
size 3 and 4, respectively, then 7y, . 4, ¢ E])k =lyand 32 o icken © Eg)k = 4lY.

If 17, 17 and [!" denote the numbers of elements of S5 whose support meets [1, 7] in sets

: . 3 4
of size 3, 4 and 5, respectively, then > ;. 1, dz(',j),k =I5, D 1<icj<k<n dg,j),k = 4l7.

5
and 3 <i i open iy, = 1002,
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For each triple ¢, j, k with 1 <1i < j < k < n, define
3
flv] k= 5= 2alaJ’k + bi j)k + b( j)k + Cz( ])k + 4Cz( ])k + dz(j)k + élldi j)k IOdz( ])k
Since ) < o, Iy + 14 < ls, U, + 11 < ly and I + 12 + 1 <5,

Z fije <lb+la+la+ls<n—-4-1 (6)

1<i<j<k<n

We will show that there is a triple 4, j, k with 1 <4 < j < k < n such that f; ;. = 0, or
find an element v € By, with ST, € C. Suppose that f; ; > 0 for all triples ¢, j, k with
1 <i<j<k<mn. Then, the left hand side of equation (6) is at least 75 (%) if n < 12

and at least 12 (”) if n > 12. Since ﬁ(g) = n(ngl) >n—4if n > 12, we must have

n < 12. Also, i 5 (") —4if 7<n <11. So we must have n = 5 or 6.

If n =5 or 6, 10( ) =n — 4 so that [p = 0 and all terms in the definition of f; ;; are 0
with the exception of 110 di j) ,, Which is E Then dg ) ., = 1 for every triple ¢, j, k in [1,n]
implies that I5 > 1 if n =5 and I5 > 4 if n = 6, since every triple in [1,n] is in the
support of an element of S5. The latter is impossible since l5 <n — 4 — lp = 2. When

n = 5, for each triple 4,7,k with 1 <i <j <k <mn, a;;r =0, b()k—Olfp—2and3

(») i) = 0if p=3and 4. Thus no element of Sy has support in [1,7], no element
of S5 has a support meeting [1,7n] in more than one point and no element of Sy has a
support meeting [1,n] in more than two points. Since Iy < n — 4 — l5 we have I4 = 0.
We may choose v = v(1,2) and then ST, € C.

and c;

It remains to deal with those cases in which there is a triple i, j,k with1 <i<j <k <n
such that f; ;, = 0. For such a triple, (i) it contains the support of no element of Sy,
(ii) it does not meet the support of any element of S3 in more than one point, and (iii)
it does not meet the support of any element of S4 U S5 in more than two points. Hence,
if we set v = v(4, j, k) then ST, € C. This completes the proof. B

Note: We cannot take m = 7 in Proposition 3 since the set S = {0, e1,e9,€3+e4+e5+
e¢ + e7} cannot be moved into C by Br.
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