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Abstract

We study the relation between certain increasing and decreasing
subsequences occurring in the row form of certain elements in the
symmetric group, following Schensted (Canad. J. Math., 13, 1961,
179-191) and Greene (Advances in Math., 14, 1974, 254-265), and
the Kazhdan-Lusztig cells (Invent. Math., 53, 1979, 165-184) of the
symmetric group to which they belong. We show that, in the two-
sided cell corresponding to a partition A, there is an explicitly defined
element d), each of whose prefixes can be used to obtain a left cell by
multiplying the cell containing the longest element of the parabolic
subgroup associated with A on the right. Furthermore, we show that
the elements of these left cells are those which possess increasing and
decreasing subsequences of certain types. The results in this paper
lead to efficient algorithms for the explicit descriptions of many left
cells inside a given two-sided cell, and the authors have implemented
these algorithms in GAP.

1 Introduction

In this paper, we will consider the symmetric group S,,, where n is an ar-
bitrary positive integer, viewing it as a permutation group on the symbols
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{1,...,n}, acting on the right, and as a Coxeter group with Coxeter system
(W, S) where W = S, and S = {s1,...,8,_1}, where s; is the transposi-

.. S1 52 Sp—1
tion (i,7 + 1). The corresponding Coxeter graph is o——o— -+ —o

Moreover, W has the presentation (s; : s7 = 1,(s;8;41)° = 1 and (s;5;)? =
1foralli,je{l,...,n—1} with |i — j| > 1).

For each subset J C S, the subgroup W generated by J is called a
standard parabolic subgroup of W. It has a Coxeter system (W, J). Its
length function [; is that induced from [. It has a unique longest element
wy. By tradition, wy is written for wg.

Throughout the paper, A will denote an arbitrary partition (A1, ..., A,) of
n with r parts, whose parts satisfy A\; > ... > \.. Corresponding to A, there
is a standard parabolic subgroup of W whose Coxeter generator set J(\) is
given by J()‘> = S\{S>ﬂ7 SAit+A2s - S>\1+---+>\7‘71}'

Kazhdan and Lusztig [10] introduced three equivalence relations ~,, ~g
and ~ g, the equivalence classes of which are called left cells, right cells and
two-sided cells, respectively.

It is observed in [4, Lemma 1.2] and [11, Lemma 3.3] that the left and
right cells containing w(y) has a particularly simple description. We extend
this simple description to a selection of left and right cells in the same two-
sided cell as wy(y). Indeed, since for any left cell C, the set {z7' : z €}
is a right cell, and conversely, we need only state the result for left cells.
Blessenohl and Jollenbeck [2] describe a process, which they call the crochet
procedure, linking the left cells in a two-sided cell of S,, together. We show
that for certain explicitly defined left cells C and D in a two-sided cell, this
link takes the form of a right translation; that is, D = Cx for some explicitly
defined z € W.

These results lead to efficient algorithms for the explicit descriptions of
many left cells inside a given two-sided cell. These algorithms have been
implemented in GAP [6] by the authors, from whom they may be obtained
on request.

2 Basic combinatorics of the symmetric group

In this section, we collect various basic definitions and results concerning W'.
We will describe an element w of W in different forms: as a word in the
generators sy, ..., S,_1, as products of disjoint cycles on 1,...,n, and in
two-row form in which an element in the lower row is the image under w of
an element in the upper row. If, in the latter form, the upper row consists
of the numbers 1, ..., n in their natural increasing order, we will refer to



the lower row as the row form of the permutation and write it in the form
[wi, ..., wy]; that is, iw = w;. f U = (uq, ..., u,) is any sequence with entries
in {1,...,n}, let Uw be the sequence (ujw,...,u,w). We call Uw the image
of U via the action by w.

The longest element wq of W is the permutation defined by i — n+1—1.
More generally, the longest element w ;) of W) can be described in two-
row form by

-~

S VS VRS B VS WS |

where /):0 =0, XT =n, and XZ =\ + X,»_l fori=1,...,r—1. The conjugate
partition A of X is defined by X, = |{j : A\; > i}| for i > 1. We will denote
the number of parts of A" by r’. Thus, ' = A\; and r = \|. We use the notions
of A\-diagram and A-tableauz for a partition A and associated terminology, in
common use—see, for example, Fulton [5] or Sagan [12]. In particular, a
A-tableau is row-standard if it is increasing on rows, column-standard if it is
increasing on columns, and standard if it is increasing on rows and columns.
Also, if 7 is a A-tableau, we refer to A as the shape of 7 and denote it by
shT.

S, acts on the set of M\-tableaux in the obvious way—if w € S,,, an entry ¢
is replaced by 1w and tw denotes the tableau resulting from the action of w on
the tableau t. This action on A-tableaux is the action by letter permutations
of Dipper and James [3, p.21]. If z,y € W, we say that = is a prefix of y if
Y = uly...u, where u; € Sfori=1,...,p, p=1(y) and x = wyus...u,,
for some r < p. The prefix relation corresponds to the weak Bruhat order in
[3].

Proposition 2.1 ([8, Proposition 2.1.1 and Lemma 2.2.1]) There is a special
set of right coset representatives X ; associated with each parabolic subgroup
W;. An element of X is the unique element of minimum length in its coset.
Moreover, if w = vx where v € W; and x € X then l(w) = l(v) + I(x).
Also, Xy ={w e W : L(w) C S —J} where L(w) ={s € S : l(sw) < l(w)}
and, if dy denotes the longest element in X, then X; is the set of prefizes
Of d]. []

Dipper and James [3] characterise X ;) as follows:
Lemma 2.2 ([3, Lemma 1.1]) X ;) = {w € W : t*w is row-standard}. []

Two special M\-tableaux ¢* and ¢, are constructed as follows. Let ¢} be
obtained by filling in the A-diagram with 1,...,n by rows and let ¢, be



obtained by filling in the A-diagram with 1,...,n by columns. We define an
element wy € S, by t"wy = t,.

A further A-tableau ¢, is constructed as follows. Fill the A-diagram with
the integers n, n — 1, ..., 2, 1, filling the columns in order beginning at the
first, but filling each column from bottom to top. Then reverse the order of
the entries in each row. An element dy of W is defined by t*dy = ). We
define the element ey by w) = d,\e;1.

For example, if A = (4,2,2, 1), these tableaux are

1234 1589 1236
A_ 56 .26 P AT
=78 A= 37 A= 58

9 4 9

wy = 1[1,5,8,9,2,6,3,7,4],d\ = [1,2,3,6,4,7,5,8,9] and e = [1,4,5,9,2,7,8,
3,6].

Let Yy denote the set of prefixes of wy. Dipper and James [3] give the
following characterisation of Y (y).

Lemma 2.3 ([3, Lemma 1.5].) The mapping u +— tu is a bijection of the
set of prefixes of wy and the set of standard \-tableauz. ]

Corollary 2.4 dy is a prefiz of wy. ]

We can modify the Dipper-James proof of Lemma 2.3 to obtain a similar
characterisation of the set Z;(y) of prefixes of dy.

Lemma 2.5 The mapping u — t u is a bijection of the set of prefizes of da
and the set of those standard M\-tableaux which, when their row entries are
reversed, are column-standard.

Proof. Let t; = tAwJ()\). Let w € W and suppose that t*w is standard and
tyw is column-standard. Let s; be in the right descent set of w; that is,
l(ws;) < l(w). Then (i + 1w < dw™'.

Let 7 and ¢ + 1 occur in the positions (a,b) and (a’,b"), respectively, of
t*w. That is, i is on row @ and column b. Since t*w is standard, @’ > a or
b > b. Since (i + 1)w™! and 4w~ occur in the positions (a/,V’) and (a,b),
respectively, of ¢}, either @’ = a and ¥ < b or @’ < a. Hence, ' < a and
b > b. So, t*ws; is also standard.

In tyw, i and 7 + 1 are in positions (a, A\, + 1 —b) and (a’, Ay + 1 = 0'),
respectively. Since t;w is column-standard and decreasing on rows, A\, + 1 —
b> Ay +1—=0V. So, tiyws; is also column-standard.

By construction, t*dy is standard and ¢,dy is column-standard. If u is a
proper prefix of dy, then us is a prefix of dy for some s € S with [(us) =
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I(u) + 1. By induction, t*us is standard and t,us is column-standard. By
the preceding paragraph, t*u is standard and ¢;u is column-standard.

Now suppose that u € W, u # dy, t*u is standard and t,u is column-
standard. Then there are integers ¢ and j with 1 < 4,5 <mand j —i > 2
such that 7 and j appear consecutively on a column of ¢tu. Let (a;, b)) be
the position containing [, for | = 4,...,75. Then b; = b; # b if i <1 < j.
Hence, for some k, 1 < k < j, by < bpy1. Since tju is column-standard and
decreasing on rows, ax < axy1. Hence, tjusy is column-standard.

In t*u, k and k+1 are in the positions (ay, As, +1—0x) and (a1, Aajir +
1 — by41), respectively. Since A, — by > A — by and tMu is standard,
trusy is also standard.

Since ay, < agy1, l(usy) = l(u) + 1. By the inductive hypothesis, usy is a
prefix of d,. Hence, u is a prefix of d,.

It is immediate that the transpose t' of a A-tableau t is a M\-tableau.
Moreover, t' is standard if, and only if, ¢ is standard. Furthermore, we have
the elementary lemma:

ak+1

Lemma 2.6 (t)‘)l =ty, () =t and wy = w;,l. Also, ey is a prefix of
Wy - D

We proceed to examine various reduced decompositions of the longest
element w, of W. First note that the tableau t*wyw J(v) is obtained by filling

the A-diagram with 1,...,n by columns from left to right, filling each column
from bottom to top. So, the tableau t*wyw Jowdy is obtained by filling the
A-diagram with 1,...,n by rows from bottom to top, filling each row from

left to right. It is immediate that the tableaux t*wyw vy and twyw vydy
are row-standard. We can now establish the following decomposition of wy.

Lemma 2.7 wy = wynwwyondy and l(wg) = Hwon) +1(wy) +1(won) +
[(dy).

Proof. Since wy = (1,n)(2,n — 1)..., it is easy to see that (t*w n))wy =
tAw)\U)J()\/)dX. Hence, Wy = wJ()\)U))\wJ()\I)d/\/.

Now if w € W we can complete any reduced expression for w to a reduced
expression for wy. Hence, I(wo) = l(w oywrwny) + 1(dy). Since tAw)\wJ()\/)
is row-standard, it follows from Lemma 2.2 that wyw; oy € X (). Hence,
Hwyoywywyny) = Hwyy) + Hwswyny). Now ¢y is row-standard. So wy €
X j(n from Lemma 2.2. Moreover, using Lemma 2.2 we see that w;l € X

Hence l[(wyw ) = L(wy) + {(w (). This completes the proof. ]
For example let A\ = (4,2,2,1).
4321 1234 1589 4789 p 6789
65  wyy 56  wy 26  wiyy 36 v. 45
87 “ g 37 S T 23
9 9 4 1 1



Corollary 2.8 wy is a distinguished W ;) — W) -double coset representa-

tive. ]

Since wy is an involution, the following result is an easy consequence of
Lemma 2.7.

Lemma 2.9 If wy = d”'wypywawsone, for e,d € W owith l(wy) = I(d) +
Wwyy) + Lwy) + Lwyon) + (), then (i) d = wody ewo; (i) e is a prefix of
dy; and (iii) d is a prefiz of dy. In particular, dy = wody, wy.

Conversely, if d is a prefix of dy, we can find e € W such that wy =
d~ wyywa
wyone, with l(wg) = 1(d) + Lwyny) + Lwa) + Hwson) + Ue).

Proof. First note that [(d) +1(e) = I(dy). From Lemma 2.7, w ywaw oy =
wody'. Hence, wy = d lwedy'e. So d™' = woe tdywy, from which (i)
follows.

Inverting the equation in Lemma 2.7, we get wy = d;\,le(,\/)wijm.
Replacing A with X, we get wy = d;le(,\)w,\wJ(,\/). Hence, from (i), d) =
U)()d)_\,lwo.

From dwy = wody'e, we get I(d) = l(e~tdy). Since I(d) = I(dy) — I(e), e
is a prefix of dy. This establishes (ii).

Inverting the given equation, we get wy = e w pnwyw d. By apply-
ing (ii), we see that d is a prefix of d,.

For the converse, recall that wy = d;le()\)wAwJ()\/) and [(wo) = U(dy) +
Hwyny) + Hwy) + Hwsony). Let e = wyonwawynydwy. Since d is a prefix of
dy, Wd™") + Hws) + Uwa) + Hwsen) = Hd wiwawson) = Hwee™) =
l(wo) — l(e), as required. ]

The proofs of Lemmas 2.3 and 2.5 can be used to find reduced expressions
of all prefixes of wy and d). We use the ideas in these proofs to determine the
lengths of wy and d) by establishing straightforward algorithms for producing
reduced expressions for these elements. We illustrate the algorithms with
examples in which A\ = (4, 3,3). These algorithms have been implemented in
GAP.

We first determine the length of d.

Proposition 2.10 I(dy) = 1 3°7_,(j — DN;(N; — 1).

Proof. Let t; be the tableau described in the proof of Lemma 2.5. In this
proof, we will order the positions in a tableau of shape A by defining the k-th
position, for 1 < k£ < n, to be the position of k£ in the tableau t,d). For each
such k, let iy and j; denote the numbers of the row and column, respectively,
in which the k-th position occurs.



For any tableau ¢ of shape A and any k with 1 < k < n, we form the
following partition of the positions of ¢: X (k) = {(ix,jx)}, that is the k-
th position; Ry(k) = {(¢,j") : (¢,7') is a position of t and j' > j or j/ =
Jr and ¢ < i}, Ro(k) ={(7, ") : 7 < jx and ¢’ < iy}, and Rs(k) = {(¢,j') :
(¢',4') is a position of t and i’ > i and j' < ji or i’ = iy and j' < ji}. This
division into regions is illustrated in Figure 1. Let ri(k), ro(k) and r3(k) de-
note the number of positions in regions Ry (k), Ra(k) and R3(k), respectively.

Rz Rl Rl R2 F‘

Rs

Figure 1 Figure 2

For each k, 1 < k < n, we construct a sequence of tableaux t*? of shape
A, where p runs from 75(k), ..., 1, 0. The tableau t*? is obtained by filling
the first k — 1 positions with 1, ..., k—1 in that order, putting k£ + p into the
k-th position, and filling the positions in Ry(k) U R3(k) with the elements of
the sequence k, k + 1, ..., n, with k + p removed, filling the rows from top
to bottom, and filling each row from right to left. As constructed, each t*?
is a column-standard tableau and reversing the elements in each row clearly
produces a standard tableau.

Associated with each tableau t*?, there is a permutation ¢g*? defined by
t1g"? = t*?. By Lemma 2.5, each ¢"? is a prefix of dy. Also, ¢"° = d, since
t"Y = t1dy and ¢! = 1 since t1° = ¢;.

The row-form of ¢g"? is obtained by writing in a single row the reversed
rows of t*7 and placing the (i + 1)-th reversed row immediately to the right
of the i-th reversed row, fori =1,2, ...

Since th?sp,, 1 = P71 for 1 < p < ry(k), it is immediate that [(gFP~1) =
I(g®P) 41, as the entries k +p— 1 and k + p are the only differences between
the row-forms of ¢*?~! and ¢*?, and k + p — 1 occurs before k + p in the
latter. Hence, I(g*0) = (g"m2®)) + ry(k).

In tableau t*°, the first k positions are filled with 1, ..., k in that order.
If the (k + 1)-th position is in the same column as the k-th position, then
Jrke1 = Jr and iy = dx + 1. Since the positions of Ry(k) U R3(k) are
filled by the sequence k + 1, ..., n, the entry in the (k + 1)-th position is
k+ro(k)+7k = k+14ip(jx—1) = k+14+(igr1—1) (1 —1) = k+1+ro(k+1).
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Hence, t#0 = ¢k+1Lr2(k+1) in this case. However, if the (k4 1)-th position is in
a different column from the k-th position, then jxi1 = jr — 1 and i1 = 1.
Also, the entry in the (k + 1)-th position is £+ 1 =k + 1 + ro(k + 1), since
r9(k 4+ 1) = 0 in this case. So, we have t#0 = ¢F+1r2(k+1) in this case also.
Hence, I(dy) = 1(g™°) = I(g™"2™M) + ro(n) = U(g"0) + 1p(n) = ... =
g™ )+ >y ra(k) = ra(k), since [(¢g"?) = 0 and r5(1) = 0. In general,
ro(k) = (1 —1)(j — 1) if i = i and j = jg. Recalling that " = A; is the
total number of columns, we see that I(d)) = 23/:1 Zj;l(z - (-1 =
S G- 1)()‘23) This completes the proof. ]

j=1
Note that we have obtained implicitly a reduced expression for dy in the
course of the proof of Proposition 2.10. We make this explicit in the following

corollary.

Corollary 2.11 For each k such that 1 < k < n, let pp = Sgqry(k)—-1- - - Sk,
where ro(k) is as defined in the proof of Proposition 2.10 and pr = 1 if
ro(k) = 0. Then dy = p1pa...pn and, if those pp which are equal to 1 are
ignored, this is a reduced expression for dy.

We illustrate this algorithm for A = (4, 3,3). We display only the tableaux
of the form t*° where the k-th position is not on the first row or column,
since for the excluded positions, with k < n, t*9 = t**1.9_If the k-th position
is not in the first row or column, we record the reduced word mapping t*°
to t*+10 that iS, Skyry(k)-1-.-Sk. The entry in the k-th position is given in
bold-face font.

4 321 5 421 6 521 7521 8 521
765 945 7 g3 5735655 g 73 S6, g g3 9857 g g3
10 9 8 10 9 8 10 9 4 10 9 4 10 7 4

Hence, dy = s45357565554565ss7 and [(dy) = 9.
Now, we determine the length of w,.

Proposition 2.12 [(w)) = %n(n +1)— %Z;;lj)\;()\; +1).

Proof. In this proof, we will order the positions in a tableau of shape A by
defining the k-th position, for 1 < k < n, to be the position of k£ in the
tableau ty. For each such k, let 7, and j;, denote the numbers of the row and
column, respectively, in which the k-th position occurs.

For any tableau t of shape A and any k with 1 < k < n, we form the
following partition of the positions of ¢: X (k) = {(ix,jx)}, that is the k-
th position; Ry(k) = {(¢,7") : (i,7') is a position of t and j' < j or j' =
Jr and i < ig}, Ro(k) = {(¢',7"):(¢,j') is a position of t and i’ < iy and j' >
Jr}, and Rs(k) = {(i,5") : (¢,7') is a position of t and i' > iy and j' >
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Jr or i’ =i and j° > ji}. This division into regions is illustrated in Figure
2. Let r1(k), m2(k) and r3(k) denote the number of positions in regions Ry (k),
Ry (k) and Rs(k), respectively.

For each k, 1 < k < n, we construct a sequence of tableaux t*? of shape
A, where p runs from ro(k), ..., 1, 0. The tableau t*? is obtained by filling
the first k — 1 positions with 1, ..., k—1 in that order, putting k+ p into the
k-th position, and filling the positions in Ry(k) U R3(k) with the elements of
the sequence k, k + 1, ..., n, with k£ + p removed, filling the rows from top
to bottom, and filling each row from left to right. As constructed, each %
is a standard tableau.

Associated with each tableau t*?, there is a permutation ¢g*? defined by
tAg"P = t*P. By Lemma 2.3, each ¢"? is a prefix of wy. Also, ¢"° = w, since
t"0 = ¢, and ¢'° = 1 since t'0 = ¢

The row-form of ¢g*? is obtained by writing in a single row the rows of
kP and placing the (i + 1)-th row immediately to the right of the i-th row,
fori=1,2, ...

Since th?sp,, 1 = P71 for 1 < p < ry(k), it is immediate that [(gFP~1) =
I(g"P) + 1, as the entries k +p— 1 and k + p are the only differences between
the row-forms of ¢*?~! and ¢*?, and k + p — 1 occurs before k + p in the
latter. Hence, [(g*°) = I(g®m2®)) + ry(k).

In tableau t*°, the first k positions are filled with 1, ..., k in that order.
If the (k + 1)-th position is in the same column as the k-th position, then
Jr+1 = jr and g1 = i + 1. Since the positions of Ry(k)U R3(k) are filled by
the sequence k+1, ..., n, the entry in the (k+1)-th position is k+rq(k+1)+1.
Hence, t#0 = ¢k+1Lr2(k+1) in this case. However, if the (k4 1)-th position is in
a different column from the k-th position, then jr,1 = jr + 1 and i = 1.
Also, the entry in the (k + 1)-th position is k+ 1 =k + 1 + ry(k + 1), since
7o(k + 1) = 0 in this case. So, we have t#0 = tk+1r2(k+1) i this case also.

Hence, [(wy) = 1(g™°) = 1(g""2"™) + ra(n) = 1(g"10) + 19(n) = ... =
1(g"Y) + D _yra(k) = >p_ ra(k), since I(¢™°) = 0 and (1) = 0. In

general, mo(k) = 2;11(/\[ —j)if i =i, and j = jp. Recalling that ' = A\;
] i—1
is the total number of columns, we see that [(w)) Z Z Z (N —17)
7j=1 i=1 (=1
RIS WSS WIS WY oS
]111 = 7j=1 =1 7j=1 l=7+1
ZZ)\Z 1) =22 =23 N =213 (G- DN (N +1)=tn(n+1) -
j=1{=5+1 j=1 j=1
%Z;zl JA;(N; +1). This completes the proof. ]



As in Proposition 2.10, we note that we have obtained implicitly a reduced
expression for w, in the course of the proof of Proposition 2.12. We make
this explicit in the following corollary.

Corollary 2.13 For each k such that 1 < k < n, let pp = Sgqrg(k)—1- - - Sk,
where ro(k) is as defined in the proof of Proposition 2.12 and py = 1 if
ro(k) = 0. Then wy = p1p2...pn and, if those p, which are equal to 1 are
wgnored, this is a reduced expression for wy.

We illustrate this algorithm for A = (4, 3,3). As with the illustration of the
dx-algorithm, we display only the tableaux of the form t*°, noting that if the
k-th position is on the first row or last column then t*° = t*+1.0_ If the k-th
position is not in the first row or last column, we record the reduced word
mapping t*° to t*+1.0 that is, Sktra(k)—1 - - - Sk- The entry in the k-th position
is given in bold-face font.

1320 s 1 T} 130w JE0T
8 9 10 8 9 10 39 10 39 10
1478 14 7 9 14710
585196 9 5 @ S8, 95 8 59, 958

36 10 36 10 369

Hence, wy = $45352575655545356555857565859 and [(wy) = 15.
We end this section with some immediate corollaries of the two preceding
propositions.

Corollary 2.14 (i) l(w)) = sn(n + 1) — 237 i\ + 1); (i) I(dy) =
52 (= DNi(Xi = 1); and (i) l(ey) = jn(n+1) =5 >0 (2i—1)A7+ ;).
Proof. To prove (i), it/is sufficient to note that I(wy) = I(wy). Hence,
doicithi(N + 1) = YT A (N, + 1), From this identity, together with
23 N = S N;(N; +1) and Y77 A\ = n and the corresponding iden-

Y
tities with A and X interchanged, (ii) follows. Finally, [(ey) = l(w)) — I(d));
and (iii) is immediate. ]

An immediate consequence of this corollary is that dy = 1 if X is a hook.
It is also easily shown that [(dy) = [(w,) if A is a rectangle; and since d is
a prefix of wy, it follows that d, = w, in this case.

3 Subsequences in the row form of a permu-
tation

Let w € W. A decreasing cover of type A for w is a list C' of r disjoint
decreasing subsequences C', ..., C, appearing in the row form of w so that
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the union of the elements in these subsequences is {1,...,n} and the sub-
sequences have lengths Ay,..., A\, in some order. Similarly, we define an
increasing cover of type A for w. For example, let w = [6,5,2,1,4,3] € S.
Then, C = [(6,5,4,3),(2,1)] and C" = [(6,5,2,1), (4, 3)] are decreasing cov-
ers of type (4,2) for w and C” = [(6,4, 3), (5, 1), (2)] is a decreasing cover of
type (3,2, 1) for w. Also, [(1,4),(2,3),(5), (6)] is an increasing cover of type
(2,2,1,1) for w.

It is clear that there is a wnique decreasing cover of type A for wy(y).
The subsequences occurring in this cover are called the special decreasing
subsequences for w;(y). The i-th such subsequence is obtained by reversing
the sequence of consecutive integers from 1+ 22;11 Aj to Z;Zl Aj. We denote
this subsequence by P*(i) and its j-th member by P*(i, j). The row form of
w,(») is obtained by placing the sequences P*(1), ..., P*(r) in a row going
from left to right.

Lemma 3.1 If d € X\, [P*(i)d:i=1,...,r]is a decreasing cover of type
A for wjyd. Consequently, w sy d has row form

[Md .o 1d [ A+ X)d ... M +Dd| . |nd ... (n=A+1)d].

Proof. From Lemma 2.2, P*(i)d is a decreasing sequence for i = 1,...,7. []
For example, if A = (4,2,2,1) thend = [1,2,6,8,3,5,4,9,7] € X;0\). The
row form of wyndis [8 6 2 1[5 3|9 4]7]. The images of the special
decreasing subsequences for w(y, via the action by d, are (8,6,2,1), (5,3),
(9,4) and (7), and these form a decreasing cover of type (4,2,2, 1) for w(»)d.
Note that the images of the special decreasing subsequences for w;(y), via
the action by d, are given by the rows of t*d, read in reverse order. Also,
since d € Yy in this case, t*d is column-standard and its columns give an
increasing cover of type (4,3,1,1) for w . d.
In general, if y,w € W, the row form of y~'w is obtained from the row
form of w by letting y act on the positions of that row.
With A = (4,2,2,1) and e = [1,4,5,9,2,6,3,7,8] € X,
e’le(A) = {4 6 8 3 2
1 3 2
and the special decreasing subsequences for 6

w,y(y) are 8 7

79 1]
T

)
)

9

Note that the position of PA(, j) in the row form of e !wy(,) is given by
the j-th entry of the i-th row of t*e. Also, since e € Y, in this case, t*e
is column-standard. Moreover, the entries of e w (), whose positions form
a column of t*e, is an increasing subsequence. So e~ w » has an increasing
cover of type (4,3,1,1).
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Proposition 3.2 Let d,e € X;(\. (i) The position of P*(i,j)d in the row
form of e twynd is given by the j-th entry of the i-th row of t'e. (ii)
[PAi)d : 1 < i <] is a decreasing cover of type X for e twyond. (iii) If
e € Yy and d € Zjn) then the columns of t e give the positions in the row
form of e‘le(A)d corresponding to increasing subsequences and the resulting
increasing cover has type X .

Proof. (i) Let k be the position of P*(i,j)d in the row form of e 'w (\d;
that is, ke tw,yyd = P(i,j)d. Then k = P*(i, j)w e as required, since
PA(i, j)wyy is the j-th entry of the i-th row of ¢*.

(ii) From Lemma 3.1, P(i)d is a decreasing sequence. Since e € X (),
the i-th row of t*e is an increasing sequence. The image of the latter sequence
under e 'w Jovd is the former sequence. Hence, P*i)d is a decreasing se-
quence for e !w;(yd. The result follows.

(iii) Since t*e and t*w(»)d are both column-standard and (te)(e 1wy d) =
trw Jvd, the result follows. ]

With A = (4,2,2,1),d=[1,2,6,8,3,5,4,9,7] and e = [1,4,5,9,2,6, 3,7, §]
we see that [(8,6,2,1),(5,3),(9,4),(7)] is a decreasing cover of type A. Com-
pare this with the rows of t*d. Compare also the positions of the members
of P(i) with the rows of t*e.

etwynd = [859623471]
and the images of the special decreasing 8 5 6 2 3 1
subsequences for w () via the action by d 9 4
are 7

Note that even though d,e € Yj(,) in this case, eile(,\)d does not have an
increasing cover of type (4,3,1,1).

If w= |wy,...,w,] € Wand C = [Cy, ..., C,] is an increasing or
decreasing cover for w, we define a,, (7, k) to be the number of elements of C;
occurring in the first & positions of w. For example, with w = [6,5,2,1, 4, 3]
and C' = [(6,5,4,3),(2,1)], we get a,c(1,3) =2 and a,¢(2,3) = 1.

Proposition 3.3 Let d € X (), e € Yy and w = e twynd. If C denotes
the decreasing cover [PMi)d:i = 1,...,7] forw, then a, c(i, k) > ay,c(i+1, k)
foralli=1,....r—1and k=1,...,n.

Proof. From Lemma 2.3, t*e is a standard tableau. Now let 1 < k < n.
Since t*e is standard, the positions corresponding to the entries 1,. ..,k form
a p-diagram for some partition p = (1, ..., us) of k and the corresponding
p-tableau is standard. Since a,, (7, k) = p; by Proposition 3.2(i), the result
now follows. ]
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Lemma 3.4 Let d € Z;). Partition the row form of w = w;le(,\)d mto
7'(= A1) blocks so that, for j = 1,....7', the j-th block contains the N
elements from the (1 4+ S21_% \)-th position to the (375_, \,)-th position.
Then, each of these blocks is an increasing subequence of w.

Proof. Let e = wyvywwp. From Lemma 2.9, [(wo) = I(d) +1(wyn)) +1(wy) +
l(wyny)+1(e) and e is a prefix from dy . Since dy € X vy, we get e € X jon.
From Lemma 3.1, we see that in the row form of w;nye = wwy, for i =

1,...,7", the i-th block, containing the \; elements from the (1+ Z;;ll A;)-th

position to the (Z;Zl A;)-th position, forms a decreasing subsequence. Since
postmultiplication by w, converts a decreasing subsequence to an increasing

subsequence, the result follows. ]
For example, let A\ = (4,3,3). Then X = (3,3,3,1). We may take d =
54835557 and e = 5359565554. Then wyone =[5 3 117 6 2|9 8 4110 ],

Wy(n)ewy = [ 6 8 10 ‘ 459 ‘ 2 37 ‘ 1 ] and Wy = d’le(A)w)\wJ(/\/)e.

Corollary 3.5 Under the hypothesis of Lemma 3.4, P*(i,7)d < P(i+1,5)d
if1<i<r—1andj < A1

Proof. Since ty(wy wyd) = tMwyod), the j-th increasing subsequence
of w;lw Jovd, referred to in Lemma 3.4, is the j-th column of the tableau
t*(wy(xyd) and hence consists of P(1,7)d, ..., P*(\;, j)d. ]

4 Translating cells

The Kazhdan-Lusztig cells of W may be characterised using the Robinson-
Schensted correspondence, which is a bijection of S, to the set of pairs of
standard tableaux (P, Q) of the same shape corresponding to partitions of
n. See Fulton [5] or Sagan [12] for a good description of this correspondence.
Denote this correspondence by w +— (P(w), Q(w)). Then Q(w) = P(w™1).
The following proposition characterises the cells in .5,,; a proof may be found
in [1] or [7].

Proposition 4.1 ([1, Theorem A] or [7, Corollary 5.6]) If P is a fized stan-
dard tableau then the set {w € W : P(w) = P} is a left cell of W and the
set {fw € W : Q(w) = P} is a right cell of W. Conversely, every left cell
and every right cell arises in this way. Moreover, the two-sided cells are the
subsets of W of the form {w € W : sh’P(w) is a fized partition.} ]

In [1], the reader should note that Ariki considers permutations in S, to act
on the left while, in this paper, they act on the right. This causes the left and
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right cells to be interchanged with a consequent interchanging of the roles of
the tableaux functions P and Q in some results.

In this section, we give an alternative characterisation of some of these
cells, describing their elements explicitly as reduced words formed using the
elements wy and d) defined above in Section 2. We also characterise these
cells in terms of certain increasing and decreasing covers which their elements
possess.

For the remainder of this section we assume that the partition A is fixed
and we write P(i,j) and P(i) instead of P*(i,j) and P*(i), respectively.

Proposition 4.2 Let w = e 'wyd, where e € Yy and d € Zyy. In
applying the Robinson-Schensted insertion process to the row form of w, the
entry P(i,j)d, 1 < i <r and j < X;, is first inserted at the top of the i-th
column. Subsequently, its position is unaffected by the insertion of P(i',j")d
with i # i and it is moved down the i-th column one place by the insertion
of P(i,5")d with 7" > j.

Proof. Let t = t*w (yd. Since t*e is standard and (t*e)w = ¢, lw = P(1,1)d.
Hence, the first step in the Robinson-Schensted insertion process is to insert
P(1,1)d at the top of the first column.

We proceed by induction on the number of elements inserted. Suppose
that P(i,j)d is the next element to be inserted, with (i,7) # (1,1). If i =1
then j > 1 and, since P(1)d is a decreasing subsequence of w, P(1,j — 1)d is
at the top of the first column and P(1,7)d < P(1,7 — 1)d. Hence, P(1,j)d
is inserted at the top of the first column, pushing each other entry of that
column down one place.

If ¢ > 1 then, since P(i — 1,7)d occurs to the left of P(i,j)d in w by
Proposition 3.3, P(i — 1,j)d has already been inserted. By induction, the
entry at the top of the (i—1)-th column is P(i—1, k)d for some k > j, and i-th
column is empty or has top entry P(i,j—1)d according as j = 1 or j > 1. By
Proposition 3.2(ii) and Corollary 3.5, P(i — 1,k)d < P(i — 1,5)d < P(i,j)d
and, if 7 > 1, P(i,j)d < P(i,j — 1)d. Hence, P(i,7)d is inserted at the
top of the i-th column. Also using Proposition 3.2(ii) and Corollary 3.5, for
m=1,....,7—1, Pe—1,k—j+m)d < P(i— 1,m)d < P(i,m)d. So, the
insertion of P(i,j)d pushes each other entry of the i-th column down one
place and affects no other entries.

Corollary 4.3 Ife € Yy, d € Z;\ and w = e twynd, then (i) P(w) =
tyvd, (i1) Q(w) = tye, and (iii) sh’P(w) = sh Q(w) = N.

Proof. For (ii), note that in the recording tableau Q(w), the j-th entry in the
i-th column is the position of P(i,7)d in the row form of w. By Proposition
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3.2, this position is the j-th entry of the i-th row of t}e, which is the j-th
entry of the i-th column of ¢ye. Hence, Q(w) = tye.

Part (i) is immediate from Proposition 4.2 and part (iii) follows from the
fact that both P(w) and Q(w) have the same shape as ty. ]

We may now use Proposition 4.1 and Corollary 4.3 to extend [11, Lemma
3.3] to the left cells containing elements of the form w;\d where d € Z ).
We observe that all these cells are obtained from the cell containing w ) by
‘translating’ with the element d. Using the results of Lemmas 2.3 and 2.5 and
the ideas contained in the proofs of Propositions 2.10 and 2.12, it is possible
to construct efficient algorithms for computing the prefixes of wy and d,
which in turn can be used to compute the elements of the cells described in
the following theorem. An implementation of this computation in GAP can
be obtained from the authors.

Theorem 4.4 Let Cyy = {e 'wyn) : e is a prefix of wy}, and let d be a
prefix of dy. Then the left cell containing wyd is the set Cynyd = {cd : c €
Crn}-

Proof. From Proposition 4.1 and Corollary 4.3 the left cell containing w y(\d
has |Y(y)| elements and contains the set {e " 'w;d:e € Yy}, which clearly
has |Y;(\| elements. ]
For a given value of n, the number of cells covered by [11, Lemma 3.3]
is the number A, of partitions of n, the total number of cells is the number
C,, of standard tableaux whose shapes are partitions of n, that is the number
of prefixes of wy as A runs over the partitions of n, and the number of cells
covered by Theorem 4.4 is the number B,, of prefixes of d) as A runs over the
partitions of n. We do not yet have a simple description of the number B,
but we have calculated it for small values of n by a simple GAP program.
As an indication of the improvement provided by Theorem 4.4, we give these
numbers in Table 1, together with the corresponding values of A, and C,.

n |3 4 5 6 7 8 9 10
A, 13 5 7 11 15 22 30 42
B, |3 6 9 22 35 88 183 428
C, |4 10 26 76 232 764 2620 9496

Table 1

Since (e tw nd) = 1(€) + 1(wy(n)) + 1(d) for all prefixes e of wy, where d
is a prefix of dy, this theorem gives reduced expressions for all the elements
of certain cells. Because of Proposition 4.2, the Robinson-Schensted process
takes a simple form, since these elements have a very convenient decreas-
ing cover of type A, namely [P*(i)d : i = 1,...,7], in which each subse-
quence produces one column of the resulting P-tableau without affecting the
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other columns. Moreover, by Proposition 3.2(iii), each of these elements has
an increasing cover of type \. In general, forming the Robinson-Schensted
tableaux from decreasing and increasing sequences is a complicated process—
see for example [12]. Trivially, the existence of a decreasing cover of type A
does not guarantee a P-tableau of shape \'. However, the existence of a
decreasing cover of type A and an increasing cover of type \' guarantees a
P-tableau of shape N'—see Schensted [13] and Greene [9]. Conversely, the
existence of a P-tableau of shape X does not guarantee an increasing cover
of type X'. For example, w = [2, 3,6, 1,4, 5] has P-tableau of shape (4,2) but
no increasing cover of this type. Also, wow has P-tableau of shape (2,2,1,1)
but no decreasing cover of type (4,2). Hence, the cells described in Theorem
4.4 are very special indeed.

Corollary 4.5 Letd € Zj and letw € W. Then w ~p, wyd if, and only
if, [PA(i)d : i = 1,...,7] is a decreasing cover of type X\ for w and there is
an increasing cover of type N for w.

Proof. For the ‘only if” part, we note that w = e~ !w;(d for some e € Yy,
by Theorem 4.4. The statements regarding covers follows from Proposition
3.2.

For the ‘if” part, note that if p is the shape of the P-tableau for w, then
is dominated by A" and p’ is dominated by A, by [12, Theorem 3.5.3]. Hence,
p = N. Recall that the i-th row of t*w;nd is P(i)d. Hence, t*w ydw™
is a row-standard tableau and, hence, is t*e for some e € Xy So, w =
6_1U1J()\)d.

Suppose that t*e is not standard. Then there is some column, say the j-th,
on which two consecutive elements x and y satisfy x > y. Let x be on the i-th
row and y on the (7 + 1)-th row. Then zw = P(i, j)d and yw = P(i + 1, j)d.
Since y < x, the sequence (P(i+1,1)d, ..., P(i+1,j)d, P(i,j)d, ..., P(i, \;)d)
is a decreasing sequence in w of length \; + 1. Hence, w has a decreasing
cover [Q(i)] of type v, where v, = A\, for k=1,...,i— 1, and v; = \; + 1.

Let [R(j)] be an increasing cover of w of type X. Where convenient,
we will consider the sequences Q(i) and R(j) as sets. It is immediate that
Qi) N R(j)] < 1. Let t = X\;. Then |R(1)U... U R(t)| = 22:1 N =
it + Y i1 M- As R(1) U... U R(t) contains at most it elements in Q(1) U

L UQ@), [IRA)U...UR®M)| < it 4> )iy vk < it 4> 5,4 Ak With this
contradiction, we see that t*e is standard. Hence, e € Y. So, w ~p wynd
by Theorem 4.4. ]
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