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Abstract

The well-known experimentof Stokes,wherethe viscosityof a liquid canbe determinedby measuringhe
velocity of a spherealling throughit, wasperformedfor the caseof anaqueougoam. Theliquid fractionof the
foamwaskept uniform throughoutthe sampleusingforceddrainageandthe velocity of a falling ball wasthen
determinedhsa function of theliquid fraction. In a similar experiment,the positionof alight sphereplacedin a
dry foamwasrecordedtherateof descentf the spherds thengovernedby the coarseningf the foam. Results
arecomparedvith asimulationof thefoamasa continuousmediumusingthemodelof a Herschel-Bulklg fluid.
Thisincludesafinite yield stressabove which the foamflows asaliquid andbelov whichit remainssolid.

1 Introduction

In this papemwe give thefirst detailedanalysigasfaraswe areaware)of the Stokesexperimentfor aspherealling
throughafoamandarrive at a tentative power law relationbetweerforce andvelocity.

While considerablgorogresshasbeenmadein the physicsof foamswithin recentdecadeql, 2] reliable
knowledgeof rheologicalpropertiesemaindimited. Quasi-statigropertiegsheamodulus yield stressarewell
understoodalthoughtheir precisedependencen liquid fractionremainsdebatablg3].

Theflow of foamwhentheyield stresds exceedechaspresente@numberof interestingguestionsstill under
investigation.Thesetopicsincludeavalancheg$4, 5, 6], corvective instability [7, 8] andhysteresig9].

Evenapparentlyelementanexperimentsjncluding Couetteviscometry have proveddifficult to analysen the
past[10, 11, 12]. We are not aware of ary previous discussionof the Stokes experimentin this context. Our
analysissuggestshatit canprovide significantinformationon therelationshipbetweerstressandstrainrateclose
to theyield stresswith a minimum of instrumentation.

1.1 Phenomenology

In thefamiliar applicationof this experimentto find theviscosity 1, of aNewtonianliquid therelationshipbetween
thedragforce F' andvelocity v for asphereof radiusa is

F = 6mua. 1)

However, this formulais notapplicableto afoam,sinceit is highly non-Nevtonian.
Insteadwe suggesthefollowing: sincefoamhasafinite yield stresqatleastin apracticalsenseregardlesof
whethertheoreticalirgumentgo this effect aresatisactory),we might expectto find

F-F = kv, F>F, and (2)
v = 0, F<F

wherek is a constandependenon theradiusa, theliquid fraction ®; of thefoam andits rheologicalproperties.
A minimumforce Fy is requiredto move the spherehroughthis medium.At all pointswe neglectinertiaandit is
thereforeassumedhatthe forcesactingon the sphergweightanddrag)arein equilibrium.

Ourgoalis thiswork is to analysearangeof datain this way andrelatethesefindingsto the Herschel-Bulklg
relation

S=8,+Kem, ?3)

which is oftenassumedo relatestress,S, andstrainrate, S,, in afoam undegoing continuousshear(¢ is shear
rate). Theoreticaimodels[12] have supportedsucha relation,with m generallylessthan1 [13, 14]. Form = 1,
equation(3) definesa Binghamplasticand K representshe viscosity The questionis: canwe relatem to the
exponentn in equation(2)?
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2 Experiments

We usea soapsolutionpreparedvith ordinarydishwasherdetegent(Fairy Liquid) andpushgasthrougha spager
immersedn thesolution. Thefoamwhichis createds polydispersecontainingbubbleswith anaveragediameter
of lessthan1lmm. It is introducednto a glasscylinder. Theadditionof soapsolutionto thetop of thefoam (forced
drainage)resultsin a foam with uniform liquid fraction. Changingthe flow rate ) changeghe liquid fraction,
which allows usto analyseStokesflow throughfoamswith different,but constantliquid fractions.

For arangeof spheresizesandflow rates(), we placeda smallplasticsphereat thetop of thefoamandtimed
its descenthroughthe foam. We assumehatthe spherereachests terminalvelocity immediatelyi.e. thatinertia
is nggligible. In figure 1 we plot thespherevelocity asafunctionof ), for spheresvith varyingradii. We find that
for eachspheresize,the velocity variesapproximatehfinearly with flow rateand,since,for thedetegentsolution
we usedtheliquid fraction®; « /@, it varieswith the squareof liquid fraction.
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Fig. 1: Thevelocity of sphereof radiia = 2.5mm, 3mm and4mm immersedn aliquid foam, alongwith their
linear bestfit lines. The 4mm ball hasa finite velocity for all flow rates,whereasat low flow ratesthe smaller
balls don’t move throughthe foam. A flow rateof @ = 0.25ml/s correspondso a foamwith aliquid fraction of
roughly ®; ~ 0.08. Thediameternf thetubewas40mm andits lengthvariedbetweenl5 and30cm.

However, sincethe actualdatais somavhatscatteredye decidedto concentraten the caseof zeroflow rate,
andwe postponeary discussiornof the effectsof liquid fraction. In this experiment,sincethe foamis dry, we
canmonitor the position of the spherein the foam visually, aswas not possibleat higherflow rates. We usea
spherahatwill stayonthesurfaceinitially (theresultsin figure1 suggesthatits radiusmustbelessthan4mm).
Figure 2 recordsthe position of the sphereagainsttime. Initially the sphereis found to move downwardsvery
slowly (velocitiesof theorderof 0.5mm /min), but eventuallyaccelerateto achieve largervelocities,of theorder
of 1em/s. Occasionallyit is broughtto a stand-still(or it revertsto movementwith a slow velocity).

Weinterpretthisbehaviour asfollows: topologicalrearrangementiueto theappliedloadcauseslow yielding
asis familiarin metallugy. This creep, aswe shallcall it, is believedto causethe slow initial dovnward motion.
Further a foam sampleof this kind coarsensontinuouslydueto gasdiffusion, which resultsin an increaseof
averagebubble diameterin time. This temporalvariationis eventuallygovernedby the squareroot of time, but
over the relatively shorttime scaleof the experimentwe will treatit aslinear The effect of coarsenings the
gradualreductionof theyield stress,S,, since[1]
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Fig. 2: Thespherds droppednto adry foamattime zeroandits positionrecordedLocalinhomogeneitiefn the
foamstructurecausethe sphereo hesitatan its descentgiving the horizontalplateauxwhich make curve fitting
difficult. In thekey (a, D) refersto a sphereof radiusa in a cylindrical tube of diameterD (both measuredn
millimetres). All thelinesshaw atransitionfrom creepto acceleratednotion; aftercorrectionfor creepthe latter
is roughly characterisetly a power law of position~ time®+0-%,

whered is the meanbubble diameter Hencethereis a point at which the yield stressis reachedcloseto the
surfaceof the sphereanda differentregimeis encounteredAs theyield stresscontinueso decreasethe sphere
acceleratesinceits velocity is alwaysproportionalto the netforce actingon it (inertiabeingnegligible). Local
inhomogeneitiedn the polydispersdoam causethe sphereto slow andre-enterthe creepingregime; oncethese
regionshave coarsenegufiiciently, thelocal yield stressdecreaseandthe spheres velocity increasesgain.
Suchadescriptionsuggestshefollowing analysisto eliminatethe effect of creepin thedata.

2.1 Datareduction

In the regime thatwe have characterise@s creep,we typically obsenre a roughly linear variationin the vertical
positionwith time. We thereforeassumehatthis alwaysoccurs;we make alinearfit to thefirst partof the data
andsubtractthis from the later data,to remove the contribution of creep. Thatwhich remainsis fitted to a power
law

z=c(t—t)*, t>t. (5)

Resultobtainedn thisway for theindex k provedto be quitevariable becausét is only possibleto fit to theparts
of thedatabetweerthe hesitationsWe suggestsa preliminaryfinding that

k~3+05 (6)

onthebasisof threeexperiments.

3 Theoretical ideas

We now attemptto relatetheseexperimentalresultsto the Herschel-Bulklg model. In this scenariothe valueof
the yield stressis important: wheneer the sphereis sufiiciently light (andthe foam bubblessufiiciently small)
thenetforce acting(weightminusbuoyangy, althoughthe latteris a smallcorrectionhere)is not sufficient for the
yield stresgo be exceededandthe spherds initially supportenthe surface.

Consideragaintherelations(2) and(3) andfigure 3. We employ the following heuristicalargumentto ratio-
nalisetheresultsof the experimentandthe numericalsimulationswhich follow.

Theforce F' is constanthile Fy decreasewith time; we assumehis decreas¢o belinearoverthetimerange
of the dataanalysed We take the derivative of (5) to seethatthe velocity of the ball variesast*—'. Comparison
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Fig. 3: While the ball is in equilibrium the stressremainsconstant. The yield stressdecreasefowever, dueto
a coarseningnducedincreasen bubblesize. Until theyield stressfalls below the equilibrium stressthereis no
motionapartfrom thatdueto creep.

with (2), wherey™ varieslinearly in time, shavs thattheindex & from the experimentaldatais trivially relatedto
n by
k=1+1/n. (@)

When Fy becomesqualto F', the sphereacquiresa non-zerovelocity v. It is thencontainedwithin a small,
roughly sphericalyielding region of radiusa + da; seefigure4.

Equivalently, considerthe stresson the sphere assketchedin figure 3. In equilibriumthe stressS is constant
andlessthantheyield stressS, which decreasewith time. We assumehe decreasén yield stressis alsolinear
for the durationof the experiment. At a distanceda from the surfaceof the spherethe stressandyield stressare
equal. Now if the stressdecreasefinearly with distancefrom the sphere which may be questionablethenthis
distanceja is directly proportionalto the ‘excess’stressS — S,. In ary casetheresultingrelationbetweem and
m will bedirectlytestedandvalidatedin the next section.

Now, atthe spheres surfacetherateof strainis approximately/da sowe find from equation(3) that

v m
S-S, (%) .
Butsinceda < S — S, we concludethat
S-S5, o v™/(m+) and (8)
da o p™/(mFD), 9)

Whenm = 1, theBinghamcasethis givesda « /v.

We wishto relatethe stresseandforcesaroundtheball, for which we needalengthscale.Therelevantlength
hereis the radiusof the sphere sowe canimmediatelyequatethe exponentof velocity in the stressequation(8)
with its exponentn in the force equation(2):

m
__m_ 10
" m+1 (10)

Sothetentative answerto our earlierquestionis YES, we can relaten to m.
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Fig. 4. Thefoamflows pasta stationarysphere We sketcha cross-sectioshaving the positionof theyield surface
(dottedline) aroundthe sphere.The sizeof the yieldedregion betweertheyield surfaceandthe spherancreases
with velocity v anddecreasewith yield stressS,,.

4 Numerical modelling

In §2.1 we found that the positionof the ball in the foam variesast* with £ = 3 + 0.5; Thenaccordingto (7)
we get valuesof the exponentn of velocity in the force equationbetween0.4 and0.67. We use(10) to obtain
0.67 < m < 2. Thisconclusionis consistentvith previoustheoreticandexperimentalaluesof m, andwe now
testit with anumericalmodelof the behaiour seenin theexperiments.

We thereforesimulatetheflow of ayield stressfluid arounda sphereconfinedwithin a cylinder, similar to the
analysisof Mitsoulis andco-workers[15, 16]. Usinganaxisymmetricformulation,we hold the spherefixed and
allow thefluid to flow alongthe frictionlesstube. The boundaryconditionon the spherds thatof no-slip. Using
theHerschel-Bulklg relation(3) we defineaneffective viscosity

s S o
neﬁzzz?y-i-KGm ! (11)

whereK is some'asymptoticviscosity’ (athigh strainrate). We instigatea cut-off for valuesof neg > 1, (a‘solid’
viscosity), after which neg is constant(at low strain-ratewherethe foam movesasa solid plug). (We find that,
providedit is sufiiciently large,the valueof n; is not significant.) We retainthefoamdensityasp = pyater®; =
10kg/m? throughoutcorrespondingo ®; = 0.01).

Streamline®f themotionarereadilyobtainedput prove of little valueasthereis little differenceseerbetween
runswith differentflow parametersMore interestingis the positionof the yield surfaces(seethe schematidan
figure 4); this is taken asthe contourat which the effective viscosityis no longerequalto the solid viscosity As
we show in figure 5, our computationsn the Binghamcasem = 1 areconsistentvith thetheoreticalestimatg9):
thatthewidth da of theyieldedregion doesindeedincreasewith /v givesusgreaterconfidencen thevalidity of
theassumptionsnadein §3.

We calculatethe total force on the sphereas a sum of the viscousand pressureorces. This is illustrated
in figure 6 for varying free streamfoam velocity and threedifferentvaluesof m, which encompassethe range
dictatedby the experiments.For m = 1, the Binghamcase,we find F ~ v%4; thatis, n ~ 0.4. This andthe
othervaluesobtainednumericallyareshavn in Table1; the numericalresultprovesto be slightly lower thanthe
theoreticaresultthatm =1 = n = 0.5.
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Fig. 5: The numericallycalculatedwidth (acrossthe cylinder) of the yieldedregion asa function of free stream
foamvelocity. Also shavn is afit to da ~ /v. Notethatevenatnon-zerovelocities,it may be possiblethatthe
fluid remainsunyielded. Parametersrem = 1,.5, = 0.01 andK = 0.01 for a sphereof radiusa = 4mm in a
tubeof diameterD = 40mm.
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Fig. 6: In anumericalcalculation,we vary the exponentm in (3) to find the correspondingariationof the force
onthespherewith thevelocity. For F' ~ v™, we seethatn is anincreasingunctionof m; thevaluesaregivenin

Tablel. Parametersre K = 0.01 andS, = 0.01 Ns/m? for a sphereof radiusa = 4mm in atubeof diameter
D = 40mm.



m Mnumeric

2.0 0.6

S0 et A 0.33£0.13
0.67 0.17

Tablel1: Theindex m is that of the Herschel-Bulklg relation(3). For thesevalues,numericalcalculationsgive
estimate®f n, the exponentof velocity in the force equation(2), tabulatedasnymeric. Theseareconsistentvith
theproposedelation(10), andareto be comparedvith the the valueobtainedrom experimentnexpt.

5 Concluding remarks

We have describeda rangeof new experimentson sphericaballsfalling throughfoams. We find thatthe velocity
of a ball varieslinearly with flow rate,andthereforewith the squareof the liquid fraction of the foam. Further
experimentatioris now beingundertalento extractthe exactdependencef the resultson the bulk propertiesof
thefoam.

Whena light ball descendshrougha coarseningoam, it initially creepgwith positionvaryinglinearly with
time) andthenaccelerateafterthe yield stressof the foamhasbeenreducedby the coarseningprocess.We find
thatin thelatter partof the motionthevelocity of a ball varieswith the squareof time.

Our heuristictheoreticalmodelis qualitatively and semi-quantitatiely consistentvith expectationdasedon
the Herschel-Bulklg model, and also shavs agreementvith our experimentsto within the wide limits of the
presentresults. Thesesuggesthat the exponentm in the Herschel-Bulklg relation lies between0.67 and 2.
However, it is not yet possibleto specifym morepreciselyat this stage

Our numericalcalculationsshav theyield surfacesarounda sphereandthe variationof theforce on a sphere
with its velocity. Theresultssupportthe conclusion®f ourtheoreticamodel. Furtheranalysiss now requiredfor
largerparameteranges.
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