MA10110 Assignment 4: Vectors — Planes and Kinematics
SOLUTIONS

. z=0.

. 2(x—5)—2(y—1)+4(z —2) = 0 or x — y + 2z = 8. Changing the sign of n makes no difference.

. (a) First find the normal: n = (b—a)A(c—a)=| =3 0 0 | =65 — 9k.
-1 3 2
Then the equation of the plane is 0(x — 5) +6(y —1) —9(z —2) =0or2y — 3z +4 = 0.
(b) Evaluating 2y — 3z at (10,3,1) gives 3, so the parallel plane has equation 2y — 3z — 3 = 0.
(c) The distance between them is given by A = ﬁ.ﬁ, with ﬁ = (10i+3j+k)—(5i+j+2k) and 2 ;3
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. First find the normal: n = (b—a)A(c—a)=| -2 5 5 |=-20i—7j— k.
-1 3 -1
Then the equation of the plane is —20(x — 3) — 7(y +2) — (2 + 1) = 0 or 20x + Ty + z = 45.
—60+14+1 45 3
The distance from the origin is A = |a.n| = | +14+1 =4/ ===,
V450 10 2

. (a) First find a point on the intersection line between A and B; for example put z = 0 and solve the simultaneous
equations 3x — 4y = 2 and —2x + y = 1 to give (—g, —%, 0).

ok
The direction of the line is parallel tony Ang =| 3 —4 1 |= 113 4+ 75 — Bk,
-2 1 -3 -
sothe line is 7 = (=& + 11A) i+ (=L +7\) j — 5Ak.
(b) Now repeat for A and C: a point on the line is (—£,0, £2).
npAnc=1|3 —4 1 |=-3i—5j— 11k, so the lineis r = (—% + 3)\>g’—|— 5\j + (% + 11)\> k, absorbing a
1 -5 2

minus sign into .
—2-5—-6 13
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(c) The angle between B and C is the angle between their normals. So cosf = ng.no =

_ _13
For the acute angle, cos § = NZTIE
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. (a) Take the vector product of the vectors to give a perpendicular one: n* =

PO .
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A unit vector is n* = ool + sl + \/@E.

(b) A plane perpendicular to the intersection of these two planes has normal n*. If it passes through (1,1,1) then its
equationis 2(z — 1) +3(y— 1)+ 7(2 — 1) =0, 0r 2z + 3y + 7z = 12.

. The distance is 1.
Formally, write S : (3,2, 1) and choose a point in the plane, e.g. P : (0,0,0). The normal to z = 0is n = 1k. So
PS=3i+2j+kand |PSA| =3x0+2x0+1x1=1.

. We can use the formula A = |ax + by + ¢z — d|/Va? +b? + ¢ witha = 3,b = —V/15,c =5 and x = 2,y =
V15,2 = —1togive A =6 — 15 — 5 — 12|//9+ 15 + 25 = 26/7.

. The normal to the plane is n = 20i+ 7j + k, with magnitude v/450. A point in the plane is P:(0,0,55), so PS = —55k.

Then ]ﬁm =| - \/%| — 31%
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Time is 200 seconds (note the units!)

v =10i + 1075 + 2tk. Att = 10 this is v = 107 + 105 + 20k.
a = 2k, with magnitude 2 at all times.

ry =1+ 957 +tiand ro = 3i — 1j + 2tj. The square of the distance between them is
rg —r1 > = (83— (1+1))i+ (—1+2t—5)j|* = [(2— )i+ (=6 +2t)5]* = (2—)> + (2t — 6)* = 5% — 28¢ + 40.

This is minimized when 10t — 28 = 0, or t = 2.8, which is the time at which they are closest (2 hours and 48 minutes).
. . . . § _ l
Their distance at that time is |/ 15 = N

The gift’s position vector is r; = 7¢ + 37, and for the children we have rp =4 — 3j and rg = 8j.

To get to the present, Doris moves in the direction rq —rp = 62+ 67, i.e. at 45° to the 7 direction (“north-east”), a
distance v/72 = 6/2.

Boris moves in the direction r —rp = 7i — 5j, i.e. at an angle tan_1(5 /7) “south” of the i direction, a distance
VT4

Since /72 < /74, Doris arrives first.

30 ~ 30 10 - 10 -
VSanta = ﬁ@‘i‘ ﬁi andyship = _Tl‘i‘ ﬁ«l
Therefore the relative velocity is v,q = Vship — VSanta = y i— % ;.

So to Santa it appears that the ship is moving at a speed 1/ % = 104/10 in a direction given by tan f = % = %,
i.e. about 26° south of west.

We differentiate r = 3 (t> — 3t)i + 275] togetv=(t—3)i+2janda = i.
The square of the speed is [v]?> = (t—3)? 422 =t — 3t + £. This is minimized when 2t —3 = 0, i.e. t = 2. Then

[Vmin] = /7 — 5 + 25 \/7 = 2, as required.

The velocity of sleigh A relative to the wind is v 4,, = (% i+
since v 4,, = V4 — W, with ¢ in hours.

When ¢ = 1 hour, we have 132i + 175; = (60 + v)g
The velocity of slelgh B relative to the wind is vg,, = (
since ug,, = vp — W

When ¢t = 1 hour, Wehave 100i — j = (60 + 5zv)i + (90 — 22v)j + w.

Subtracting this expression for sleigh B from the expression for sleigh A () gives 324 + 1765 = m +3 a4 5:vJ. Thus
v = 100 km/h.

Now substitute back in to (1) to find w = (132 — (60 + 60))i + (175 — (90 + 80))j = 127 + 55 km/h.

(SN

j)v. Its position is 4 = 60i 490 +¢((2i+ 2j)v +w),

+ (90 —i— v)j +w ().
Li—2j ) Its position is r p = 60i+90j+t((£i—22j)v+w)



