MA10110 Assignment 3: Vectors — Lines and Products

SOLUTIONS
C@AB=b-a MAC=30b-a): ©CB=1ib-a; DHOC=a+3b-a)=1ta+3b  [2222]
. @OB=c+3a; (AB=-a+c+3a=2a+c
(©)OD=a+3AB=2a+1Le (d)CD=3a—tAB =20 Lc 2,22.2]

@ CA=CO+04=—c+a
(b)@:ﬁ—i—@—c—a—i—hz—c—l—a

(¢) ED = EB + BD = 3CB + 1BA = L(20) + L(—c— a) = L(~c +a).
Therefore CA = 2]5‘73 as required.

(a)O? lb@—a—l—lﬁ 2a—|— bandA—@ —a+1b

Then we can construct /ﬁ in two ways: AP = h(—a + 1b and AF = —a+k(3a+ 1b).
Comparing coefficients of A and B gives —h = —1+ 3 and h =k, givingh =k = 2

(b) BF = —b+ 20-1_3 Sa —2p=12 (2a b) 2@ so BEF and BE are parallel and since they share a common

point (B), the points B, F, and E must be colhnear [6,4]
C@AB=—i—j+2k O)[AB=VE+ 2+ 2 =V6 (©b=——i— Lj+ Tk

(dr=20+3j —5k+AN—i—j+2k)=2—-Ni+(3—AN)j+ (2X\ - )k [2,2,2,2]

(a) AB =4i+3j, 507 = 2 +4j + (4 + 3j) = (2+4)\)i + (4+ 3X)j. When \ = 3, we have r = 14i + 135 as
required.

(b) OC = A(3i — 4j); it is orthogonal to AB if (3i — 45).(4i + 3j) = 0, which is the case.

(c) The lines intersect when (2 + 4A1)i + (4 4+ 3A1)j = A2(37 — 45); then 2 + 4| = 3A2 and 4 + 3\ = —4 X2, s0

A = —% and \y = —% and NV has position vector —gi+ %l

/62 + 82
The length of ON is 2—; = 2, which is the perpendicular distance of AB from O.

(=}

. Ei = —b+a,sothislineisr = a+ A\i(a — b). C'_ﬁ = 3a — 2b, so this line is r = —3a + A2(3a — 2b).
They intersect when a + A\ (a — b) = —3a + A2(3a — 2b), which gives A\; = 8, Ay = 4.
This gives the position vector of the point L as a + 8(a — b) = 9a — 8b. [6,4,2]

. AC = —5a+5b,sor =3a+2b+ A(b—a) = (3 — Na+ (2+ \)b.
We need to show that B lies on AC: put A = 4 to give r = —a + 6b, which is B.
AB = —4a+4band BC = —a + b, so AB = 4BC and hence AB : BC' = 4 : 1. [3.2,2]

. Write @ = a1i + agj + azk, b = b1i + baj + bgk and ¢ = c1i + coj + c3k.
(a) Then, because addition of scalars is commutative, we can write

c+b=(c1+b1)i+ (c2+b2)j+ (c3+b3)k=(by+c1)i+ (bg+c2)j+ (b3 +c3)k=b+c.

(b) In the same way, because scalars are associative, we can write

(a+b)+c = (a1 +b1)+cr)i+ ((a2+b2) +c2)j +
= (a1 + (b1 +c1))i+ (ag + (b2 + 2))j +
= a+(b+c¢).

((a3 +b3) + c3)

k
(az + (b3 + c3))k



(c) Finally
Aa+b) = May +b1)i+Aaz+b2)j + A(az+b3)k = (Aar +Ab1)i+ (Aag + Ab2)j + (Aaz + Ab3)k = Aa+ Ab.
[4,4,4]
10. If @ = a1 + agj + azk, b = byi + boj + b3k and ¢ = c11 + c2j + c3k, then

(a) a.b = a1by + azby + asbs = biay + baag + bsas, since scalars commute; this is equal to b.a as required.

(b) Q(b + Q) = al(bl + 01) + ag(bz + CQ) + ag(bg + 63) = a1b; + aicy + agbs + ascy + asbs + azcs =
a1b1 4 agbs 4 asbs + ai1c1 + asce + azcs = a.b+ a.c.

(c) Consider the i component of a A (b + ¢), since all components are similar. We have [a A (b + Q)]Z = az(bs +
c3) — az(b2 + c2) = agbs + azes — agby — agcy = (azbs — azba) + (azcz —azez) = [a Nb]; + [a A ;.

15 5
11. la| = V52 + 12+ 22 =/30, |b| =v22 + 32+ 12 = /14, ab =10 + 3+ 2 = 15; = ——" =,/
|al +12 + b] = V22 + 32 + V14, a.b + 3+ S0 COS —= %

12. (a) |a| = V22 +y2 =5= 2% +y? = 25.
(b) x:3)\andy:2)\so%:§:>y:§x.
(©) Q.Q:3x+2y:(),soy:—%x.

(d (@a—b).(4i+j)=((z-3)i+(y—2)j).4i+j) =4z -3)+y—2=4dr+y—-14=0=y =14 — 4.

(2,2,2,4]
i j k
13. @ab=2-2+3=3; (b)bAc=|2 1 —1|=i+3j+5k
13 -2
i j k
©a(bAc)=1-6-15=-20; ar(bAc)=|1 —2 -3 |=—i—8j+5k
1 3 5
14. Write @ =i+ 2j + 2k and b = 2i — 3j + 6k. Then & = 3i + 2;j + 2k, and
rojh= 22 = 22012, 8,8, 10,16,
PR = 8= 73 47347 gt T gl T g ¥
15. Volume = |a.(b A ¢)|.
3 -2 -1
a(bhe)=|1 3 4 |=3x(=10)—(-2) x (—=10) + (—1) x (=5) = —45 and the volume is 45.
2 1 -2



