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Introduction

“Bog standard” Burgers equation

Viscous Burgers equation: v#(x,t),

2
v+ (v V)= AV vE(x,0) = TSo(x) + O(u).

Hamilton-Jacobi equation: VS(x, t) = v#(x, t),

2
oS + VSR = LoAS!, 81(x,0) = So(x) + O()

Heat equation: S#(x, t) = —u? In ut(x, 1),

2
ow' ="au, u(x,0) = To(x)exp (—12So(x)) -



Introduction

Stochastic Hamilton-Jacobi Equation

Hamiltonian Kernel

a(g,t) : RY xRt — RY, k(g,t), V(g,t) : R x R* — R.
V. a(q7 t) =0,

.
H(p. q,°0t) = 5|p - a(q, 12 dt+ V(q, t)dt + k(g t) 0 OW,.

Hamilton-Jacobi equation:

e

dSt(x) + H(VSH(x), x,00t) = 5

ASY(x)dt,
with initial condition,

S4(x) = So(x) — 2 1n To(x).



Introduction

Stochastic Burgers equation

Hopf-Cole transformation 1

vi(x,t) = VS (x) — a(x, t).

dvi+da(x,t) + (v* - V)vidt + v A (V A VE)dE
2
- %A(v” + a(x, 1)) dt — VV(x, t)dt — Vk(x, t) dW,
with initial condition,

vH(x,0) = VSo(x) — 42V In Ty(x) — a(x, 0).



Introduction

Stratonovich heat equation

Hopf-Cole transformation 2

St (x) = —p2Inuk(x, t).

4 1
p? dut = <M2A + pPa(x, t) -V + éa(x, )2+ V(x, t)> utdt
+ k(x, t)u* o OW,

with the initial condition,

U (x,0) = To(x) exp (—12S0(x)) .
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Feynman Kac formula

1 t 1 t X,t
exp | — —So(X +/kX’,l‘S)th
p( 2 O(t ) 12 Jo (Xs s

t
+ o [ (Glavet.e- s+ vog) ds) }
#e Jo \2

where Xg’t = X and,

dX = a(X T ds + pdBs, Ti=t-s, se[0,1]




Stochastic H-J Theory

Stochastic Flow map

Stochastic flow map ¢; : R — RY,

dbg = —VV(ds)ds — Vk(ds, s)dW;s — %(cbs, s)ds
— (VA a(Ps,8)) A dbg,
d¢s = d>s dS,

with initial conditions,

Do(X0) = X0,  Po(X0) = VSo(X0) — a(Xo,0).

Diffeormorphism
®¢(xp) random diffeomorphism up to caustic time T(w).




Stochastic H-J Theory
Stochastic Action

Before caustic time t < T(w):
- 1 7t t,
S00.0) = Sal0) + 5 [ [0s0)Pds + [ bs(x) - a(®s(0).5)ds

t t
- [ viestonas - [ K(®s().s) aws
0 0

Define, y
S(x,t) = 8(;"(x), 1)
i.e.

S(x,t) = S(x, 1), where xo = o 1(x) & di(x) = x




Stochastic H-J Theory

Stochastic H-J

Assume ¢, satisfies no-caustic condition for0 < t < T(w).

o
Bi(X0) = VS(®1(x0). 1) — a(®(x0). 1) a6 we Q.

© S satisfies H.J. equation,
1
dS(x, )+ 5|VS(x, 1) - a(x, t)|2 dt+ V(x)dt+k(x)dW; = 0.

@ Define p(x, 1) ‘det (DX 1(x))‘ then,

dp(x, 1) + V- {p(x, )(VS(x, 1) — a(x, )} dt = 0




Asymptotic Expansions

Asymptotic expansions

Asymptotic series solution for viscous HJ equation,

12
5 ASH(x. t)dt

1
= dS"(x, 1) + 5|VS"(x, 1) - a(x, t)|2dt + V(x)dt + k(x,t)dW,.

Suppose,

SH(x, 1) ~ Y pfSi(x, 1).
j=0

Formally equating coefficients of 1.2,

1 1
d8j+§ Z VS,‘1 'VS,'z —a-VS,-: é
it ,ip>0,
iq+ip=j

AS/',1 .



Asymptotic Expansions

lterated continuity equations

To(y,t) = To(y),

ds,
y=os(y)

(T4(95" (7). 9)V0(7:9))

t
]
T'(%t):/ ——Ay
! o Vo(.s) "
and set,

wj(X7 t) = 7-/((1)1‘_1 (X)7 t) V p(X, t)

Lemma (lterated continuity equations)

Fora.e.weQ,and0 <t< T(w),

.
dyj + Vi - (VS — &) dt = — 50y AS dt + Aqjy_y dt,

forj=0,1,2,... with the convention{_1 = 0.




Asymptotic Expansions

lterated H-J equations

For0 <t < T(w) then for a.e. w € Q, the solutions of,

1 1
dSj+5 Z VS, VS, dt—a- V§jdt = A8 qdt,
i1,>0, i +b=j

are given by,

80(X7 t):S(Xa t)7 81(X7 t):—|n¢0(X, t)a
1 1/’/ 1
Si(x, 1) = =— Vit
/1+/2_] 1

4y 1 1
o4 (=) (j_1)%_1zﬂ1 )




Asymptotic Expansions

Sketch of generalisation

For a general Hamiltonian Kernel H(p, g, c0t) consider,

dS(x,t) + H(VS(x, ), x,00t) = 0.

Underlying mechanical system,

9qt(x0) = VpH(pt(X0), Gt(X0), 00t),
08(x0, 1) = pr 0 0qt(x0) — H(pr(X0), Gi(X0), 00),
Ipt(x0) = —VqH(pt(X0), Gi(X0), °0t),

with initial conditions,

Go(Xo0) = Xo, S(X0,0) = So(x0),  Po(x0) = VSo(xo)-

Then q is a diffeomorphism up to caustic time.




Asymptotic Expansions

Sketch of Generalisation

Define .
S(x,t) = 8(g; ' (x). 1).

Assume q; satisfies no-caustic condition for0 < t < T(w).
o
VS(qi(x0), t) = pe(Xo),
o
dS(x,t) + H(VS(x,t), x,00t) = 0.
@ Define,
p(x, 1) = [det (Dgr ' (x))]
then,
Op(x,t) + V- (p(x, )0qH(q; ' (x))) = 0.




Asymptotic Expansions

Sketch of Generalisation

Viscous H-J equation,

OSH(x,t) + H(VS“(X t), X, 00t)
n

0?H 2SH
= (VS(x, 1), x,00t) ———(x, 1).
2 Z (9,0/1 3,0/2 ) ) (9X/1 8x,2 ( )

Explicitly find formal series,
> .
t) ~ Z :U’2/Sj(x7 t),
j=0

using iterated continuity equations as before.



Asymptotic Expansions

Solutions of Heat equation

Before T(w), change of measure with Feynman Kac,

m
dZi = a(Zt t - s)ds — > pAVS(ZL t - s)ds + pdBs.
j=0

W
2m t
x ES exp —Z/ASm(Zg,t—s)ds
0

1 t 2m .
[ S 5 vsvs,]

j=m+1 0<it,ip<m, iy +ip=j




Asymptotic Expansions

Solutions of Burgers equation

Applying the Hopf-Cole transformation,
vi(x, t) = —p2VInut(x, t) — a(x, t).
VO(Xv t)ZVSO(Xa t)—a(x, t)> Vj(X7 t):VSj(X, t), ]2 1.

m .
= 1vi(x, 1)
j=0

Iu2m t
— 12V InE{ exp —Z/V-vm(Zg‘,t—s)ds
0

2m Mz(/1 t
+ Z Z /0V,'1(Zél,t—5)'Viz(Zél,t—S)dS

j=m-+1 m2iq,ip >0,
iq+ip=j




Singularities in the inviscid limit

After the caustic time

Before caustic time T(w),

VO(x, t) = b <d>t_1x> ., with probability 1.

Caustic forms at T(w)

Cr = {x: det <aq;’)((:°)> - o}

Si(x,t) :== Sy (Xo()(X, 1)) + A(X()(x, 1), x, 1)




Singularities in the inviscid limit

After the caustic time

Hamilton-Jacobi level surface

HE = {x . S)(x,t) = c for some i} :

Inviscid limit of the Burgers fluid velocity

VO(x, 1) = dy(Xo(x, 1)),

where Xo(x, t) is the minimising xo(/)(x, t).

M; = {x: x=®(xo)=Pt(X), Xo# Xo,

A(xo, X, t) = A(Xo, x, 1) }.




Singularities in the inviscid limit

Cusp initial condition Sy(x0) = X&Vo

1 1
a(X7 t) = _E(Xaya Z)/\(0,0,Q), V(X7 t) = _E(X2+y2+22)w2

Caustic, level surface & Maxwell set

A




Singularities in the inviscid limit

Cusp initial condition Sy(x0) = X&Vo

Numerical simulation of v(x, t),

0 20 40 60 80 100



Singularities in the inviscid limit

Swallowtail initial condition Sp(Xo) = X3 + X3)o

Caustic, level surface & Maxwell set




Singularities in the inviscid limit

3D Swallowtail initial condition Sy(Xo) = X3 + Xg¥o

Caustic, & Maxwell set

‘ {/
i
| \\“\“\““‘3\
f ‘\\“0“:":‘5
W .*,«'!323.:3?55’3"53*'
RN BESERER,




Singularities in the inviscid limit
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