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Abstract Numerical simulations of foam flow in nar-
row channels are described. The fields of velocity, strain
and stress are predicted for the slow flow of a dry two-
dimensional foam through a diverging-converging chan-
nel. Two different bubble area dispersities are simu-
lated, and the effects of crystallisation in the monodis-
perse case described.
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1 Introduction

Aqueous foams are widely used in industrial applica-
tions such as improved oil recovery and froth flota-
tion (Cantat et al, 2013). In both of these examples
the foam flows and an understanding of foam rheology
is paramount in determining and optimising its per-
formance. Particularly in the first example, and in ar-
eas such as soil remediation (Jones et al, 2013), the
foam flows through narrow, constricted and tortuous
channels. This article contributes to the understanding
of foam flow in such situations by simulating the flow
of foam through a diverging-converging channel. Ulti-
mately we would like to be able to predict quantities
such as the pressure drop required to push the foam
through a given formation and the stability of the foam
during such a process.

To simplify the approach, we consider here a dry
foam (Weaire and Hutzler, 1999), that is, one in which
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there is little liquid between the bubbles. The interfacial
films between bubbles are considered to be area mini-
mizing, and the bubbles are therefore space-filling poly-
hedra with curved faces when at equilibrium. Moreover,
where the bubbles meet they satisfy a particular set
of geometric rules, known as Plateau’s laws (Plateau,
1873), for example that films always meet in threes at
equal angles of 120°. To study the fundamental aspects
of foam flow, we further restrict to the consideration of
two-dimensional foams, such as can be made between
two parallel sheets of glass (Jones et al, 2013; Dollet
and Bocher, 2015). Here, at equilibrium, each film is an
arc of a circle, meeting in the afore-mentioned threes.

In order to flow, the bubbles must move past one an-
other. They do so in a series of what are known as T'1
events (Weaire and Rivier, 1984), neighbour-switching
changes in which a film shrinks to zero length and is
replaced by a new film approximately perpendicular to
the original one. Any numerical simulation must some-
how capture these events, since they contribute strongly
to the mechanism by which a foam reduces its stress.

We choose to simulate foam rheology to high accu-
racy using the Surface Evolver (Brakke, 1992). Thus
we neglect dynamic effects, such as the viscous relax-
ation after a T'1, and assume that the foam moves slowly
through a series of equilibrium states. Such an approach
has previously been shown to give excellent agreement
with experimental data in 2D (Jones and Cox, 2012),
but is clearly highly idealized. It neglects, for example,
any effects of surface tension variations due to surfac-
tant motion and the rupture of films which is apparent
in real foams. Nonetheless, as the experiments cited
above demonstrate, stable, slow-flowing foams are re-
alizable, and benchmark simulations such as those de-
scribed here are an important step in understanding
foam flow.



Simon Cox, I. Tudur Davies

Rossen (1990) developed a model for the pressure
drop required to push foams through fractured rock by
considering a single foam film in a bi-conical pore. Such
a model turned out to be unexpectedly rich, with var-
ious instabilities occurring as the different geometrical
parameters describing the channel are altered (Fergu-
son and Cox, 2013). We use that same geometry here,
now with many bubbles. It mirrors recent experimen-
tal work (Dollet and Bocher, 2015) in which a foam
is made to flow through a diverging channel and the
deformation of the foam recorded.

We first describe our numerical method (Sect. 2)
before providing extensive results on the fields of veloc-
ity, strain, plasticity, and stress in Sect. 3. Concluding
remarks are made in Sect. 4.

2 Numerical Method

The Surface Evolver software (Brakke, 1992) is expressly
designed for the modeling of soap bubbles, foams, and
other liquid surfaces shaped by minimizing energy (such
as surface tension), and subject to various constraints
(such as bubble volumes). The complicated topologies
found in foams are routinely handled and in particular,
the Evolver can deal with the topological changes en-
countered during quasi-static flow. The Surface Evolver
is freely available and is regularly updated.

We use the Surface Evolver to perform a quasi-static
two-dimensional simulation of a disordered dry foam
flowing through the channel. The input to the simula-
tion is a list of vertices at which films (edges) meet,
and ordered lists of films defining the boundary of each
bubble. The walls of the channel are defined as piece-
wise functions of position, and certain vertices are con-
strained to move along the walls.

The geometric parameters of the channel are shown
in Fig. 1. The channel is symmetric in both the horizon-
tal and vertical directions, with length 2L and angle 6,
the entrance to the channel has width 2R}, and entrance,
exit and mid-section are rounded, to eliminate pinning
of soap films, over a distance e with radius of curvature
r = €/sinf. This ensures that the piecewise function
describing the channel geometry is smooth, which is
important for our gradient descent method.

We employ periodic boundary conditions, so that
bubbles leaving the channel on the right immediately
re-enter on the left. Hence, we note that the simula-
tion could equally well be viewed as foam flow through
a constriction with rapidly converging-diverging shape.
For the simulation results described here, we take L =
1,0 =42°, R, =0.2 and € = 0.01.

The foam is created from a Voronoi diagram based
on randomly distributed seedpoints (Brakke, 1986), and

Fig. 1 Sketch of the channel shape, showing the geometric
parameters used.

target bubble areas specified within Surface Evolver. To
create a monodisperse foam we set all target areas to
be equal, by dividing the channel area by the number of
bubbles. To create a polydiserse foam, we use the areas
A given by the Voronoi construction and reduce the
polydispersity slightly to avoid extremely small bub-
bles; the value of the normalized second moment of the
area distribution, pa(A) = (A/A — 1)2, is 0.275. Exam-
ples of the two foams used are shown in Fig. 2.

Since the pressure difference across each film is con-
stant, the Young-Laplace law implies that each film can
be represented as a circular arc. We chose a cut-off
length [, = 0.0015 for the neighbour-switching topo-
logical changes; this value is appropriate to simulate
the effect of a liquid fraction of 10~* (Raufaste et al,
2007), i.e. a very dry foam.

On the walls, a free slip boundary condition is im-
posed, recognising that a wetting film would cover the
walls in an experiment and allow the Plateau borders
touching the walls to move. That is, the end of a soap
film touching a wall is free to move so as to make a
90° angle there (while respecting the area constraint
on the adjacent bubbles). This movement is part of the
gradient descent algorithm in Surface Evolver. To in-
crease the speed of convergence, we replace any bub-
ble films that lie along the walls with a “content inte-
gral” (Brakke and Sullivan, 1997) that represents the
enclosed area; in this way we are able to use second
derivative information (Hessian) during the minimiza-
tion.

Foams of N = 725 bubbles were simulated for 1000
iterations, which takes up to 2 weeks on a desktop PC.
Each iteration consists of choosing a line of films that
span the channel close to the entrance to the channel
and moving them downstream a small distance (Rau-
faste et al, 2007), before finding a minimum of surface
energy (total perimeter). In this way the foam proceeds
through a sequence of equilibrium states, appropriate
to a situation where the foam moves very slowly and
viscous effects may be neglected.
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Fig. 2 Foam structures used in the simulations, shown af-
ter 1000 iterations. (a) Monodisperse. (b) Polydisperse with
polydispersity p2(A) = 0.275. Note that because the effective
liquid fraction is so low, there appear to be four-fold vertices,
but this is just an artefact.

3 Results

We compare the fields of velocity, texture, plasticity
and stress to ascertain the effects of polydispersity on
the rheology of foams in such constricted channels.

3.1 Velocity

Each bubble has a rather well-defined centre, taken
as the average of its vertex positions (with care being
taken to account for the periodic boundary conditions).
Thus we can track the progress of each bubble through
the channel. Fig. 3 shows the paths of eight bubbles,
starting from a position close to the inlet of the chan-
nel, over the duration of each simulation. The length
of each path gives an idea of how rapidly each bubble
moves, on average. S50, for example, for the monodis-
perse foam there is a very short track close to the up-
per apex of the channel, indicating that bubbles there
moved very little over the whole simulation. Conversely,
in the polydisperse case there was a significant amount
of movement through the lower half of the channel, sug-
gesting a preferential flow through this region. Sudden
changes in direction of the path are an indicator of the
occurrence of a topological change. Of particular inter-
est are the examples of detachment of bubbles from the
wall, visible in the upper left of both simulations. We
attribute the higher rate of detachment in the monodis-
perse simulation to crystallisation (see Sect. 3.3 below).

The motion of bubble centres can also be used to
generate averages of the displacement between itera-
tions, i.e. the bubble velocity. We first average over
short time intervals to detect whether or not there is
a strong transient. Fig. 4 shows the horizontal veloc-
ity along perpendicular lines through the centre of the
channel. The velocity along the centreline shows rela-

Fig. 3 Bubble paths, from left to right. (a) Monodisperse
foam. (b) Polydisperse foam. Note the detachment of bubbles
from the walls as the channel diverges.

tively small fluctuations about the expected U-shaped
profile, with slightly greater velocities just beyond the
centre of the channel in the monodisperse case. The
fluctuations along the vertical line, where the velocity is
lowest, are greater, indicating the strong effect of topo-
logical changes near the walls at the top and bottom of
the channel. There are even regions of reverse flow far
from the centreline of the channel.

Fig. 4 emphasizes the set of data from the first 100
iterations, which is relatively smooth and suggests an
elastic response in both cases and along both lines. In
the following, we therefore remove the first 200 itera-
tions from the averages for velocity, strain, and stress,
and the first 500 iterations for topological changes.

We assume that the flow is steady and average the
displacement data over the last 800 iterations on a lat-
tice of dimension 30 x 30 to give the average velocity as
a function of position, as shown in Fig. 5.

As expected, the speeds are greatest in the most
constricted part of the channel. The region of low speed
near the apex of the channel in the monodisperse case
is visible in Fig. 5(c¢), but otherwise the data for the two
simulations are broadly similar. There is some scatter
in the velocity vectors in the centre of the channel, in-
dicating frequent changes in direction of the bubbles.
However, it is apparent that velocity is not a good way
to distinguish the response of foams of different poly-
dispersity.

3.2 Strain

As bubbles pass through the channel, they are clearly
deformed (Fig. 2), and capturing this deformation will
give a local measure of the strain field in the foam.
Highly stretched films are more likely to rupture, due
to a lower concentration of surfactant, and thus strain
may be a useful proxy for predicting foam break-down.
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Fig. 4 The horizontal component of bubble velocity along
(a) the centreline and (b) a vertical line half-way along the
channel. The data is averaged over 100 iterations, and the
data shown after 100, 300, ..., 900 iterations. The data for
the first 100 iterations is shown as a thicker line.

A possible measure of strain is bubble elongation,
but instead we prefer to use a tensor measure which also
captures the direction in which bubbles are strained.
We therefore use a “texture tensor” (Asipauskas et al,
2003; Marmottant et al, 2008) by calculating the centre
of each bubble, as above, and analysing the average
orientation and length of links between the centres of
neighbouring bubbles.

To generate the data shown in Fig. 6 we assume that
the flow is steady and average over 800 iterations on a
lattice of dimension 30 x 30. For each lattice site we use
the eigenvectors of the tensor to define the major and
minor axes of an ellipse, with orientation determined by
the first eigenvector. This shows the direction and mag-
nitude of the stretching of bubbles. Upstream, the bub-
bles are compressed in the direction of flow and, because
of the area constraint on each one, elongated in the per-
pendicular direction. This elongation decays slightly as
the wall is approached and, although the differences
are subtle, this decay is slightly more pronounced for
the polydisperse foam. Downstream of the midpoint of
the channel, the direction of elongation is reversed, and
bubbles extend towards the exit. This transition occurs
over quite a short distance in both simulations.
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Fig. 5 Bubble velocity, averaged over 800 iterations. For each
simulation the data is shown as vectors, indicating direction,
in (a) and (b), and with grey value, indicating average speed,
in (c) and (d). (a) and (c) Monodisperse foam. (b) and (d)
Polydisperse foam.
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Fig. 6 Elongation information from a texture tensor, aver-
aged over 800 iterations. (a) Monodisperse foam. (b) Poly-
disperse foam. Some data falls just outside the channel, due
to the coarse grid on which the data is averaged, and this is
ignored.

3.3 Topological changes

The topological changes, or T1s, allow bubbles to flow
past each other, and hence for the foam to flow plas-
tically. T1s are therefore a manifestation of plasticity
at a mesoscopic scale. Fig. 5 indicates that there are
also quiescent regions; these parts of the channel where
there are no T1s correspond to elastic behaviour or plug
flow.
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Fig. 7 The positions of topological changes. (a) All T1s dur-
ing iteration 562 for the monodisperse foam. (b) All T1s dur-
ing iteration 871 for the polydisperse foam. (c) All T1s during
iterations 500-1000 for the monodisperse foam, shown as both
individual points and by density. (¢) All T1s during iterations
500-1000 for the polydisperse foam.

We record the position of each topological change
at each iteration, and plot them in Fig. 7. Firstly, we
choose an iteration in each simulation for which there
is a relatively large number of T1s, and note that in
the monodisperse foam these tend to form lines, as a
result of the monodispersity. In particular, comparing
with the bubble paths in Fig. 3(a), the Tls show a
preference for a line across the channel from top left
to the lower midpoint of the channel, mirroring the
detachment of bubbles from the upper wall. The phe-
nomenon of crystallisation in dry monodisperse foams
is well-known, often leading to unrepresentative results
(Durand et al, 2014). Here, it appears that a line of
films forms a “weak zone” across the channel (Cox and
Wyn, 2008), and this zone is maintained for much of
the simulation. This behaviour is barely present in the
polydisperse case.

Lines of T1s are also apparent in a plot of all T1s
for the last 500 iterations, in the lower half of Fig. 7,
where average T1 density is also recorded in the shad-
ing (on a 30x30 lattice). The asymmetry noted in the
bubble paths (Fig. 3), with bubbles preferentially de-
taching from the top wall, is again apparent here, with
a significant distinction between the density of Tls in

the upper and lower apices of the channel. Moreover,
particularly close to the diverging walls of the channel,
in the monodisperse case the T1s occur in lines, reflect-
ing the quantised distances from the wall at which films
are located in a crystalline foam.

In both cases the greatest density of T1s occurs,
as expected, where the bubbles approach the narrow-
est part of the channel. Despite the lower area of the
region without T1s in the monodisperse case, i.e. the
larger region of plug flow in the centre of the channel,
there are 10% more T1s in the monodisperse simulation,
and later T1s obscure earlier ones. We might therefore
expect that the bubbles are less deformed in this case,
but the effect is apparently not strong enough to be
observed in Fig. 6.

3.4 Stress

The main contributions to the foam stress in a quasi-
static simulation are from the surface tensions in the
films and from the bubble pressures. Although we are
able to calculate bubble pressures with high accuracy in
the Surface Evolver, the average pressure is affected by
our method of moving the foam by displacing a line of
films and so here we present the tension contribution to
the stress. This is therefore a measure of the direction
in which films are oriented.

We calculate the three distinct components of the
stress tensor by integrating the surface tension along
each arc and summing. We assume that the flow is
steady and average the data over 800 iterations on a
lattice of dimension 60 x 60. (We use a finer lattice here
compared to the velocity and texture because here we
can average over films, rather than bubbles, of which
there are many more.) Fig. 8 presents shear stress and
extensional stress (first normal stress difference) for each
simulation.

The signature of crystallization is again apparent in
the monodisperse case, with alternating parallel lines
of high and low stress lose to the diverging walls of the
channel. The shear stress is almost (anti-)symmetric
about the centreline of the channel, and greatest close
to the diverging walls of the channel. Away from the
walls, variations in the polydisperse case appear less
well correlated. The general pattern of extensional stress
is the same in both simulations, (although there is a
surprising region of high variability close to the apex
of the channel in the polydisperse case, breaking the
symmetry about the centreline). The pale line slightly
downstream from the centre of the channel, perpendic-
ular to the direction of motion, indicates the region in
which the strain re-orientates (cf. Fig. 6) as bubbles
start to elongate towards the exit region.
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Fig. 8 Stress components averaged over 800 iterations. (a)
Shear stress, monodisperse foam. (b) Shear stress, polydis-
perse foam. (¢) Extensional stress, monodisperse foam. (d)
Extensional stress, polydisperse foam.

4 Conclusion

We have performed a detailed comparison of the effects
of dispersity in bubble areas in the flow of a 2D foam
through a constricted channel. There are subtle yet dis-
tinct differences: for example, polydispersity suppresses
any regions of static foam in the corners of the channel,
the monodisperse foam is prone to localization of the
velocity profile, and, again in the monodisperse case,
the stress and T'1 fields show strong banding parallel to
the walls of the channel.

In future work, it will be of interest to vary the slope
of the walls of the channel: various instabilities occur for
single foam films passing through such channels (Fergu-
son and Cox, 2013), and we might expect to see further
regions of stagnant foam as the slope increases. While it
is possible to create the very dry foams simulated here,
representing an extreme case of foam flow with higher
stresses, more often foams contain a significant quan-
tity of liquid, and increasing the simulated liquid frac-
tion should lead to agreement with experiments (Dollet
and Bocher, 2015). In the latter case, the bubble de-
formation is significantly smaller than the simulations
described here, presumably because of the difference in
liquid fraction. Dollet and Bocher (2015) also change
the roughness of the walls in their experiments, and
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this inclusion of wall friction is likely something that
could be achieved in simulations.
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