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Section A

1. (a) For each of the following equations, state the order and whether it is nonlinear,
linear inhomogeneous, or linear homogeneous:

(i) Uz + 2ugy + 3Ugyy = 0;
(i1) gy — Buy, = 2% cosy;
(i) (uz)? + (uy)® = 2%
(iv) gy + 2uzu, — uy, = 0. [8 marks]
(b) Classify the following PDEs as parabolic, elliptic or hyperbolic:

(1) Upy + dtgy + duy, +u, =0;
(i) ugy + 12uyy — 4uy, — Su, —u = 0. [4 marks]
(c) Find the general solution u = u(z,y) of the PDE w,, = zy. [3 marks]

2. Using the method of characteristics and clearly explaining the steps in your solutions,
solve the following boundary value problems:

(a) { Uy + Tuy, =0, (b) { Uy + cos(z)u, = 0,

u(0,y) = y*; u(m,y) = siny.

[7,9 marks]

3. Consider the Cauchy problem for the inhomogeneous wave equation on an infinite string
with normalised wavespeed:

Uy — Upy = h(z,t) forz € R, t >0,
u(z,0) = f(z) z €R, (1)
ut(x, 0) =g(x) r €R.

Stating clearly and precisely any results you use, find the solution of problem (1) for all
r €R, t>0, with f, g, and h given by

fx)y=22%  g(x)=e"%  h(z,t) = 12212

Simplify your answer as much as possible. [14 marks]
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4. Suppose the temperature, u = u(z,t), of a thin rod satisfies the heat equation u; = u,,

on the domain
A={(z,t) eR?*:2€(0,2),t € (0,7)},

and the following initial and boundary conditions:

u(r,0) =2r —2% 0<x<2;
w(0,8) = 0, 0<t<T:
uw(2,t) =8t/(1+t), 0<t<T.

(a) Specifically for the domain A defined above, write down the definition of the

parabolic boundary, 11. [3 marks]
(b) State the maximum and minimum principles for the heat equation. [2 marks]
(c) Without solving the equation and stating clearly any results you use, find the
minimum and maximum temperatures of the rod for all (z,t) € A. [8 marks]
(d) State the values of x and ¢ for which the temperature is maximised. ~ [2 marks]

5. Consider the heat equation on the interval [0, [] with Dirichlet boundary conditions

Up — gy = 0, O<zx<l, 0<t<T,
u(,0)= f(x),  O<az<l 2)
uw(0,t) =u(l,t) =0, 0<t<T.

(a) Using the method of separation of variables, find the solution of problem (2) in
the form

u(a,t) = Ti(t) Xp(2).

Calculate Xy and Ty. In this part of the question, you are not required to apply
the initial condition, so your solution may contain arbitrary constants. [7 marks]

(b) Solve the heat equation u; — uz, = 0in 0 <z < 7, 0 <t < T, subject to the
following boundary and initial conditions:

u(z,0) = 4sin(4z) + 5s8in(9z), 0 <z <,
u(0,t) = u(m,t) =0, t > 0.

[3 marks]
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Section B

6. Explaining your working throughout, use the method of characteristics to find the solu-
tion of the following boundary value problem:

U — 22Uy + yuy, = 1,
u(0,y) =1+y.

Give your solution in as simple a form as possible. [12 marks]

7. Consider the inhomogeneous wave equation problem for u(x, t) with homogeneous initial

conditions:
Ugt — gy = h(z, 1), reR, t>0,
(3)
u(z,0) =0, u(z,0) =0, z eR
and also the following problem for w(z, ¢, 7):
Wy — Wy = 0, reR, 0<7<t, ()
w(z,7,7) =0, wy(x,7,7) = h(z,7), r € R

(a) Prove that if w(z,t,7) is a solution of problem (4), then
¢
u(zx, t) = /w(x,t,T)dT
0

is a solution of (3). You may use the following Lemma (Leibniz integral rule)
without proof:

Lemma 1 Let f: R*> — R be smooth. Let F(t) = [ f(t,7)dr. Then

o

F'(t) = f(t,t) +/ft(t,7')d7'.

[6 marks]
(b) Use a suitable change of variables and d’'Alembert’s formula to solve problem (4).
[5 marks]
(c) Hence derive the solution to problem (3). [2 marks]

8. Clearly stating any results you use, find the bounded solution u = u(z, y) of the following
boundary value problem:

Upy + Uy =0, >0, y €R,
u(0,y) = e,

You may leave your answer in the form of an unevaluated integral. [13 marks]

9. Find a solution to the Cauchy problem for the inhomogeneous heat equation with
constant dissipation:

Up — Ugy + 2u = €2, t>0, reR,

with the initial condition u(z,0) = (z + 1)%.

Hint: make use of the substition of the form u(x,t) = e*v(x,t) for some choice of
acR. [12 marks]
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