MA34110: PARTIAL DIFFERENTIAL EQUATIONS

Solutions 2

2024-25

1. Classify the following equations as parabolic, elliptic or hyperbolic:
(8) Ugz — Uy + 2y + 3ty — Sy, +8u = 0:  Since (—3)? > 1-3, the equation is hyperbolic.
(b) Yugy + 6uyy + uyy +u, =0:  Since 32 = 9.1, the equation is parabolic.
(¢) Ugy — 4ugy + 4uyy, =0:  Since (—2)? = 1- 4, the equation is parabolic.
2. Consider the Cauchy problem
Ut = Ugg, xE]R,t>O,
u(z,0) = f(z), w(z,0)=g(z)

(a) Find the domain of dependence of u at (z,t) = (2,1).

(b) Let f(x) = 0 outside the interval [—1,2] and g(z) = 0 outside the interval [1,6]. Find
the set E of points (z,t) such that u(x,t) must be zero for (z,t) € E.

Solution.

(a) The domain of dependence is [z —ct,z +ct] =[x —t,x +t] =[2—-1,2+1] =[1,3].

(b) Outside the sector for ¢ > 0 between lines z +¢ = —1 and  — ¢t = 6, i.e. in {(z,t): t >
0,z <—-1—torz>t+6}.

3. Find the solution u(x,t) of the one-dimensional wave equation on an infinite string
Uy — gy =0, z€R, t>0,
u(@,0) = f(z), w(z,0)=g()
with

(a) f(z) =z and g(x) = cos(z).
(b) f(x) = In(z? +6) and g(x) = 323.

2

(c) f(z) =sin(z?) and g(z) = m.
Solution. All of (a), (b) and (c) are solved using d’Alembert’s formula

T+ct
u(z,y) = %{f(x +ct)+ flx—ct)} + % / g(N)dA.
T+ct
(a) u(z,y) = %{(l‘ +ct)+ (x—ct)} + 2 ft cos(A\)d\ = x + o (sm(:n + ct) —sin(x — ct)).

AV



x+ct
u(z,y) = %{ln((az +ct)? +6) +1In((z — ct)? +6)} + % / 3N3dN.

r—ct

= %{ln((x +ct)? + 6) + In((x — ct)*> 4 6)} + 3tz (2t + 2?)

(c) The integral is evaluated by conducting polynomial division, or equivalently by noting

A2 _ AN+8
that A2+ANF8 1 - A2+4AAF8°
x+ct
(2.0) = 3 sinfla+et?) im0} + o [
u\x — —SIn( (T C SIN((xr — C — - SE————
’ 2 2¢ A2 4+40+8
x—ct

= %{sin((:ﬂ +ct)®) +sin((z — ct)®)} + t

1
+ - (In|(z —ct)? +4(x —ct) + 8] — In|(z + ct)? + 4(x + ct) +38|).

4. Using the method of characteristics, solve the equations

(a) 2uz + (cosx)uy =0, u(0,y) =e™Y,
(b) ug + 2uy + (22 — y)u = 222 + 3zy — 2y?, u(z,0) = z (harder!).
Solution. (a) We can rewrite this PDE as (2,cosz) - (ug, uy) = 0. That is, the directional

derivative in the direction (2, cosz) is zero, i.e. the solution is constant along characteristic
curves defined by the ODE

%_cosx
dr 2

Therefore the characteristic curves are of the form y = %sinx + ¢, and so solutions to the
PDE are of the form u(z,y) = f(c) = f(y — 4 sinz). The boundary condition implies that
f(2) = exp(—2), so the required solution is u(z, y) = exp(—y + 3 sinz).

(b) Consider the curves defined by

dr | dy
a7 dt
with conditions z(0) = s, y(0) = 0. That is,

2,

r=1+s, y = 2t.

Along these curves, the PDE reduces to the ODE

% + 2su = 2s(s + 5t).

(Here we have rewritten terms in z and y in terms of ¢ and s.) Multiply by an integrating
factor of exp(2st) to obtain

(25% + 10st — 5)e?st
2s

d d
eZStd—ZL—#—QseQStu = 28(8+5t)€25t = T {eQStu} = 28(8+5t)628t = >ty =

+c(s),



2 _
25°410st 5-|—C

(we have used integration by parts) so u = 5%

variables z and y gives

5oy tele - pow (v (o= 5)).

Finally, applying the boundary condition yields that ¢(z) = 5/(2z), and so

u(z,y) =+ 2y —

5 5 y 5
] (1 () P

(s)e~2%t. Converting back to original



