MA34110: PARTIAL DIFFERENTIAL EQUATIONS

Assignment 3

2024-25

Starred questions due in by end of Friday 22nd November 2024.

1. * Using the reflection method and the d’Alembert formula, solve the problem for the wave
equation for a half-infinite string

Ut — Ny =0, >0,1>0,
U(IL’, O) = xQe—m’ ut(xvo) = xe—m’

u(0,t) = 0.

2. * Find the solution of the inhomogenous wave equation

U — CPUgy = T COST, reR,t>0,
u(z,0) =0, reR
ui(x,0) =0, z €R.

3. Let [ > 0 and m,n € N. Prove that

l
. mmr . nrx %, n=nm,
sin sin —dx =
0

l l 0, n#m.

Remark: This was the result we used (then without proof) for the Fourier series part at the
end of the finite-length string solution.

4. Using the method of separation of variables, solve the initial boundary value problem
U — gy =0, x €[0,7], t >0,

u(x,0) =sin3z, wu(x,0) =0, initial conditions.
u(0,t) =0, wu(mt) =0, t>0boundary conditions.

(You may use formulae derived in the lectures if you wish to prevent your solutions becoming
too long, but make sure you understand their derivation.)

5. * Using the method of separation of variables, find the general solution to the initial boundary
value problem for the one dimensional heat equation with endpoints held at zero temperature.
ug — uge =0, x€]0,1], t>0,
u(a:,O) = f(.%’),
u(0,t) =0, w(l,t)=0,t>0.
Remark: while the procedure is simliar to that we’ve seen in the lectures for the wave equation,

note that there is only ONE partial derivative w.r.t. t (not two). When formulating the
problem for the t variable, bear this in mind.
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6. Using the method of separation of variables, find the particular solution to the following
Laplace equation initial boundary value problem:

umz"i’uyyzo, 1’6[0,1], Yy < [0,1],
u(0,y) =u(l,y) =0, yel[0,1];
u(z,1) =0, x € [0,1];
u(x,0) = 4sin(brz), x€|0,1].

Hint: while not essential, you may find that the working is simplified by introducing cosh and
sinh functions at some point in your solution.



