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Abstract

The two-dimensional viscous froth model is a simple tractable model for foam rheology and coarsening. It
includes but is not confined to the quasi-static regime. Here we present the first detailed analysis and implementation
of the model, illustrated with various examples. With certain simplifying assumptions, it provides significant insight
into strain-rate dependent effects in foam rheology and elsewhere, particularly in relation to recent experiments.

PACS numbers: 82.70.Rr, 83.80.Iz, 83.50.Ha

1 Introduction
A simple model for a viscous froth was first introduced over one decade ago, in the context of domain growth [1,
2]. Its full potential is still to emerge, as the model is adapted and applied to foam rheology. It can provide a
natural approach to the analysis of the quasi-two-dimensional (2d) scenarios which currently receive a great deal of
experimental attention [3, 4]. We offer a thorough discussion of the model, and its various limiting cases. We then
present results obtained using numerical implementations of the model. We first address the dynamics of isolated
topological events in a foam (the relaxation following film rupture and topological change), before examining the
effect of viscous drag in a simple rheological situation (trains of bubbles passing through a bend in a channel).

The viscous froth model was initially conceived as a generalisation of two existing paradigms for coarsening
dynamics of cellular patterns, the ideal soap froth and ideal grain growth models. Indeed it has the appealing feature
of bridging between these two cases, which are found when appropriate limits are taken. It is analytically tractable
in many respects, because of the simple form taken for viscous drag. This may not be an accurate representation of
any particular experimental realisation of a 2d froth, but it should still be a good qualitative guide in most cases. Its
relevance to the 3d case is less clear, and indeed the very mechanisms of dissipation in that case remain obscure [5].
Nevertheless, past experience suggests that the 2d viscous froth model is an important step towards developing our
understanding of 3d foam dynamics.

A related method of simulation has been used by Cantat and Delannay [4] for the interpretation of experiments
on two-dimensional rheology and flow. This approach, due originally to Fullman [6] and to Kawasaki [7, 8], replaces
the interfaces with straight lines and concentrates the viscous dissipation at the vertices. It is sometimes characterised
by the term “vertex model”. The result is a tractable model for computation, which should capture most of the main
effects, but does not proceed by controlled approximation.

Here we wish to focus on local events in the flow, for which full geometrical details are essential. The model that
we describe here is the first to incorporate both the cell pressures and the curvatures of the soap films. We expect
that systematic studies with varying degrees of geometrical refinement will eventually allow us to reliably assess the
accuracy of Kawasaki-type dynamics over a range of flow velocities. Our intention is to provide a model that is
appropriate for the case of foams with low liquid fraction. The opposite limit, the dynamics of foams with high liquid
content, has been addressed by the “bubble mechanics model” of Durian [9].

2 The 2d viscous froth model
We have in mind a cluster of

�
cells or bubbles ���	� , each containing gas at a certain pressure 
�� . The interfaces

separating the bubbles are subject to a (constant) interfacial tension 
 . This describes a static two-dimensional foam
of negligible liquid fraction, a so-called dry foam.
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Figure 1: The forces acting on a segment of soap film of length � are due to surface tension 
 , the pressure difference
between neighbouring bubbles ��
 �!�!" and a dissipative force per unit length #%$ proportional to the film velocity. In
the case illustrated the film moves upward.

The viscous froth model adds dynamics to this description. Inertia is not included, being negligible in typical real
2d foam systems. The equation of motion is then given by the following equilibrium of forces acting locally at each
point on a soap film, in the direction of the normal, as illustrated in Fig. 1:��
&���!"('!)�*,+-
/.0���!"1'2)�*�34#5$6'!)�*�7 (1)

Here ) represents the position on the film shared by bubbles � and �98 . The individual terms are the forces (per unit
length) acting on a segment of the interface. ��
 ��� " is the pressure difference between the bubbles and . ��� " is the
curvature of the interface. The right-hand side represents a local dissipative force opposing the motion of the interface,
with a drag coefficient # , the origin of which depends on the experimental situation under consideration. $ is the
normal velocity of the interface; only normal velocities are considered, since they are sufficient to describe the temporal
evolution of the structure. Such a model, incorporating only normal forces of the simple form described, does appear
to offer a satisfactory qualitative account of experiments [10]. However, it may well need elaboration in the future to
incorporate such additional effects as that of the longitudinal motion of liquid in the Plateau borders.

quantity symbol
pressure 
 force/length
surface tension 
 force
curvature . 1/length
drag coefficient # force : time / length ;

Table 1: Notation and notes for dimensional analysis. We refer to a two-dimensional geometry, in which pressure is
defined as force per unit length and surface tension has the dimension of a force.

Each relevant quantity in a two-dimensional geometry is given in Table 1, with a note of its relation to force,
length and time, for the purposes of dimensional analysis. The structure may be subject to change, for example due
to coarsening (diffusion of gas between bubbles) or imposed shear. Both these processes have associated time-scales,
relating to diffusion-rate and shear-rate respectively. The comparison between each of these and the time-scale of the
structural relaxation is crucial, as it determines whether the foam may be regarded as being effectively in equilibrium.
Most analyses of coarsening and rheology have relied on the assumption that this is so. It is our intention to go beyond
this quasi-static approximation.

2.1 Limiting Cases
We first isolate the three limiting cases of the viscous froth model as it is given in Eqn. (1), which are illustrated in
figure 2.
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Figure 2: Limiting cases of the viscous froth model. In the regions close to the three planes shown the force balance
on a film segment is achieved by compensation of two dominating terms, the third being negligible. In these limit
cases simpler models are recovered.

Ideal soap froth This is the simplified case in which the drag is negligible, i.e. the velocities are small in the sense
that #<$/=>
?.A@B��
 . In the limiting case, Eqn. (1) then simply reduces to the Laplace law�5
 ��� "C3D
E. ��� "F'2)�*�7 (2)

In this commonly applied approximation the effect of diffusion or shear is treated as a slowly-varying (quasi-static)
constraint and the structure evolves through a sequence of equilibrium states, which correspond to minima of the
interfacial energy. This evolution is continuous except at topological changes, as described in G 2.4. Each equilibrium
structure obeys Plateau’s rules (see e.g. [11]), which we recall for the two-dimensional case: films are arcs of circles
which meet in threes at the vertices, where they intersect at angles of 120 degrees. In addition, curvatures must add to
zero at every vertex, for consistency with the Laplace law for cell pressure differences (Eqn. 2).

Subtleties arise from topological changes, such as that which is provoked when an interface between two bubbles
shrinks to a point. This would then lead to a fourfold vertex, which is known to immediately dissociate into two
threefold vertices [11], thus effectively performing a neighbour-swapping of bubbles (T1). In the soap froth model
this would occur instantaneously, thereby leading to infinite velocities. We shall later return to the effect of dissipation
on the dynamics of such events.

The original interest in the ideal soap froth model, which uses the quasi-static approximation, was focused on
the dynamics of the coarsening that occurs when the interfaces are permeable to the gas present in the bubbles. The
permeability constant H is defined via Fick’s law asIKJ �IML 3BH?N �!" ��
 �!�!" � ���!"1O (3)

where
J � is the area of bubble � . The constant H consequently has units of volume per energy and time, like an inverse

viscosity. As time evolves, the bubble areas follow Von Neumann’s law [12]IKJ �IML 3QP RSHK
0TU'WV � +YXZ* O (4)

where V[� is the number of sides of bubble � . In the quasi-static regime considered here, the Von Neumann law follows
simply from Eqns. (2) and (3) and the 120-degree condition for vertices [11].

Grain growth Another limiting case is attained when pressure differences between bubbles are negligible: ��
\���!"C=
?.]@^#<$ . The motion of boundaries is then driven by curvature, as described below. Originally this model arose in
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Figure 3: A sketch of a 2d simple shear experiment on a foam sample of width
`

. The shear is denoted
_
, with a

shear-rate b_ . We characterise this with the time-scale c[d .
the context of domain growth in metals [13], for which there are no relevant cell pressures. The interface motion in
the limiting case is local curvature-driven growth $e'2)�*�3f+ 
 # .�'2)�*g7 (5)

Although the over-damped dynamics described by Eqn. (5) allows for arbitrary shapes of the interface, angles of 120
degrees at vertices are maintained, except instantaneously at topological changes [14], as described below.

The motion of the interface results in some bubbles growing at the expense of others, leading to coarsening dy-
namics that obey a law of the same type as the soap frothIKJ �IKL 3QP R 
 # Th'WV � +iXU*�7 (6)

This is known as Mullin’s law for grain growth [13]. It is, at first sight, remarkable that two apparently different
models have this important relation, as expressed in equations (4) and (6), in common.

Pressure-driven growth Finally, surface tension forces may not contribute significantly : 
j.k=l#%$m@4��
 , and in
this case we are dealing with interface motion directly driven by a pressure difference. In this case the normal motion
is uniform on each film. This does not seem to be a situation that arises in typical rheological experiments, and we
shall not pursue it further.

2.2 Two-dimensional rheology
The development of rheological devices in a quasi-two-dimensional geometry has been the focus of much activity
over the last few years. In one type of experiment a foam is confined between two parallel plates [3, 15]. When
their separation is small compared to the size of individual bubbles, this constitutes an approximate realisation of a
two-dimensional dry foam, provided the liquid content is kept small [16]. Such devices allow convenient imaging of
the foam structure as the foam flows, or as it is subjected to external perturbations such as shear of the boundaries. For
example a simple shear

_
may be imposed on boundaries, at a shear-rate b_ , as sketched in Fig. 3.

The quasi-static model of soap froth has been applied by several groups to describe the rheology of a dry foam
[3, 17, 18, 19, 20]. It provides a straightforward description in the limiting case where deformation is sufficiently
slow that viscous effects remain negligible, i.e. in the limit where the time-scale of relaxation after a topological
change (bubble rearrangement) is much less than that associated with the shear-rate. Strictly speaking, even in this
limiting case the model has an important shortcoming related to topological changes: if combinations (avalanches)
of topological changes occur, the order in which they are triggered is arbitrary and depends upon the algorithm used.
This arbitrariness in the quasi-static model has been recognised from the outset [17, 18, 20], but has not been resolved.

The viscous froth model provides at least a tentative description of realistic dynamics, in which the drag coefficient# represents the effect of viscous dissipation in the Plateau borders as they slide along the glass plates. The under-
lying dissipation relation linking the drag force to a given velocity is non-trivial, and known to involve rather subtle
hydrodynamics [21]. These suggest a power law relating the drag force and the normal velocitynhoqpsrqt 3u+�#v$xw O (7)
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and the predicted exponent ( yz3u{U| R ) has indeed been measured for quasi-2d foam structures confined between two
parallel glass plates [10].

For the purpose of the present paper we shall adhere to the simplifying choice of a linear drag relation ( y}3�~ ),
as in the original viscous froth model. It is conceptually straightforward to generalise to the non-linear case, but
we shall show below that the choice of linearity allows for significant simplifications in the analysis and numerical
implementation. We expect this more transparent model to retain the essential qualitative behaviour following from
any more realistic dissipation relation, which includes values of y different from unity.

2.3 Time-scales
The parameters entering the basic viscous froth model are the tension in the films 
 , and their associated drag coeffi-
cient # . A simple dimensional analysis reveals the scaling behaviour of the model.

Relaxation dynamics We introduce a length-scale � characteristic of the structure, such as the mean bubble radius.
In the absence of gas diffusion and an imposed shear, the only intrinsic time-scale is set by 
 , � and the drag coefficient# as c��v3 #%� ;
 7 (8)

In section 3 we will describe the results of a numerical implementation of the viscous froth model, allowing
us to relate specific relaxation times to c � . In particular, it gives the characteristic time associated with relaxation
after a topological change. The topological change itself, which changes the connectivity, is instantaneous in the
present model. An interesting case is presented in the experiments of Monnereau et al. [22], where the time between
topological changes is of the same order as the relaxation time. We will return to this case in future work.

Coarsening dynamics In its original spirit, the viscous froth model was formulated to interpolate between the
coarsening behaviour of soap froth and grain growth models [1, 2]. The presence of diffusion sets an additional
time-scale through the permeability constant H , as c��53 � ;H<
 . (9)

The associated coarsening dynamics has been shown [2] to obeyIKJ �IKL 3�P R HK
~��D#�H TZ'WV[� +iXU*�7 (10)

This is in the form of a generalised Von Neumann’s law with an appropriately redefined prefactor. The dimensionless
ratio of the two time-scales c��c � 34#�H[7 (11)

is indeed seen to be the relevant parameter which interpolates between the limiting cases of the original Von Neumann’s
law (Eqn. 3) for a coarsening soap froth ( c � =�c � ) and Mullins’ law (Eqn. 6) for grain growth ( c ��� c � ). These
limits can be illustrated in a schematic diagram, Fig. 4, providing a comprehensive picture of the viscous froth model
for coarsening, which it is interesting to highlight before introducing rheology.

Rheology (shear) In many rheological experiments gas diffusion is negligible on the time-scale of the experiment,
and hence the bubble areas do not vary as a function of time. In this case the relevant time scale is defined through the
shear-rate b_ , c d 3u~�|�b_ 7 (12)

The ratio of the intrinsic time-scale (set by the viscous drag) to the imposed one (set by the shear-rate) is then
given by c �c�d 3 #�� ; b_
 7 (13)

For quasi-static shear this ratio is much less than one. It is the only non-dimensional parameter when diffusion is
negligible ( c �S� c � O c d ), the case upon which we shall focus. However, diffusion could be included very easily in
the implementation presented below, thus accommodating all three time-scales in the model.
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Figure 4: Illustration of limiting cases within the viscous froth model for coarsening dynamics in terms of the time-
scales associated with the drag coefficient # and the diffusion constant H . As the relaxation time associated with the
drag, c � , becomes infinite, the structure becomes frozen, while infinite c � corresponds to no coarsening and a static
equilibrium soap froth. The conventional soap froth and grain growth models arise in the shaded regions and their
associated axes. Also indicated on the axes are the velocities arising during coarsening.

2.4 Vertex dynamics
To what rules does the motion of a vertex conform in the present model? This question was raised in the context of
curvature-driven growth [1, 2]. It is not immediately evident that the motion of the boundaries according to curvature
entails any simple local rule, but this is the case [23]. In appendix A we briefly reconsider this problem, in order
to generalise the previous results to the viscous froth model, and add some discussion of singular cases. Our most
important conclusion in the present context is that the viscous froth model should retain angles of 120 degrees between
films at a vertex, as in the two limiting cases of grain growth and the ideal soap froth.

Despite this general conclusion, appropriate to a dry froth, angles not equal to 120 degrees can still arise instanta-
neously in various ways. Firstly one might choose an initial configuration with such anomalous angles. Even if this is
the case, the angles must conform to the 120 degrees rule at all later times until a topological change is encountered.
We show in appendix A that this implies an infinite initial velocity for the vertex. Secondly, something similar happens
whenever a T1 change is made, upon the formation of a fourfold vertex (or indeed more complex topological changes).
We address the consequences of these conclusions by means of a numerical representation of the viscous froth model
(Eqn. 1), which we now introduce.

2.5 Numerical implementation
We have implemented the viscous froth dynamics numerically, using a discretised representation of the network of
films, as in the earlier work of, for example, Frost and Thompson [24]. The details are given in Appendix B. Rather
than considering the general case of an arbitrary exponent y in the dissipation law (Eqn. 7), we focus on the special
case of a linear dissipation relation ( y/3u~ ), as in the original viscous froth model. The general case is easily treatable
but the linear case allows for a more efficient numerical scheme for determining the bubble pressures while it should
also provide a reasonable description of realistic dynamics.

The outline of our implementation is as follows. At each time-step, we perform geometric calculations to determine
surface tension forces at each point. The motion of the cell edges also depends on the cell pressures which act upon
them. Any particular choice for the cell pressures will result in corresponding changes in the cell areas, the relationship
being linear. But the changes in cell areas are independently determined by the generalised von Neumann’s law (Eqn.
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Figure 5: a) Example of a relaxed periodic structure with 83 cells. b) The film between the two marked vertices
is removed and the structure is allowed to relax under the viscous froth rules of motion. c) The final equilibrium
structure.

10), and hence are known. (In particular, they are zero when the permeability is zero.) Hence the pressures are
uniquely determined by invoking consistency with Eqn. 10. The existence of the generalised von Neumann’s law
thus reduces to a single solution of linear equations a problem that would otherwise require a more obscure iterative
process. The details of this calculation are given in Appendix B. Having thus established the forces acting on each
element of film, we then find the velocity of each point of the discretisation from Eqn. (1) and update the shape of the
films accordingly.

In addition to coding these simulations ab initio, we have developed an alternative treatment, based on the Surface
Evolver [25]. This version facilitates dealing with finite foams in constrained geometries such as those described inG 3.3. It relies upon the Surface Evolver for all the necessary topological “book-keeping” and adherence to boundaries
(e.g. solid walls), while it equally implements the numerical scheme described in Appendix B, expressed in the
Evolver’s command language.

In the following, we shall retreat to non-dimensional quantities, as appropriate for numerical study. They can
easily be transformed into the relevant dimensional quantities, as described in appendix B, using the length scale �
(representing the mean bubble radius as before) and the resulting energy-scale 
?� and (2d) pressure-scale 
�|a� .

3 Simulation of the dynamics of isolated topological events
Our ultimate aim is to study the response of a bubble cluster to external or internal perturbations. On the scale of the
entire foam, this relates to its rheology. As a first step, however, it is necessary to characterise the simpler processes
on a local level, which ultimately determine the flow behaviour on a larger scale. Here we shall focus on the two
most important examples, the relaxation which follows the rupture of a film and the topological change entailed by a
neighbour swapping event. These are the singular cases of initial conditions to which reference was made earlier.

In the limiting case of curvature-driven growth, Brakke [14] has analysed the dynamics of these processes, among
others, with mathematical rigour. Here we are interested in the effect of dissipation in the framework of the viscous
froth model.

3.1 Film rupture
The first step is to produce an equilibrated foam structure, in order to provide a well-defined starting point. This is
done by setting up a foam structure and using viscous froth dynamics to thoroughly relax the system until energy and
cell areas have converged. An example of such a structure is shown in Fig. 5a, with average bubble area ¤ Jj¥ 3^~�|�¦ R .

One film is then chosen and ruptured, i.e. deleted from the structure, thus coalescing two bubbles into one. The
resulting bubble has two “kinks”. We are interested in how the structure relaxes away from this singular configuration.
We therefore measure the straight-line distance §S¨(' L * which a kink has moved away from its initial position, as
illustrated in Fig. 6a.

Fig. 5 shows an example of such a film rupture simulation. We distinguish the initial regime of singular dynamics
immediately following the coalescence, localised around the topological change, from a long-term exponential relax-

7



b)a)

PSfrag replacements

§ ; ' L * §/©a' L *§S©a' L * ª ©
P | R

Figure 6: a) A sketch of the change in topology due to an induced film rupture. Solid lines show the initial state.
Dashed lines show different configurations during the relaxation of the structure after the rupture. We measure §«' L *�3§ © ' L *9��§ ; ' L * over time, which shows an initial square-root behaviour before an exponential relaxation to equilibrium.
b) In the early stages of the film rupture, the remaining films can be approximated by arcs of radius ª © traversing an
area ¬ © from their initial position. This allows us to construct upper- and lower-bounds to the value of the constant �0­
describing the evolution.

ation of the foam structure to equilibrium (see section 3.2). Note that the final equilibrium configuration shown here
remains strained, corresponding to only a local energy minumim; the system would relax further if T1s were initiated
on the resulting short edges, but these do not occur naturally in such a dry foam.

The displacement grows in a singular way from time
L 3¯® , corresponding to a relaxation of the kinks with an

infinite initial velocity. The data in this initial behaviour is well described by a power law:§«' L *�3B§ © ' L *C�°§ ; ' L *�34�v­?± L 7 (14)

The constant � ­ is determined by fitting § ; to a polynomial function, shown in Fig. 7. The results for four rupture
events on the 83-bubble foam illustrated give an estimated value of � ­ 3²~h7³~9¦E´D®K7 ®Z{ . We note in passing that this
initial square-root regime may be traced back to the behaviour of the grain growth model, for which it is well-known
[14]: choosing an (arbitrarily) small area around the kink, it follows from the argument used in appendix A that
pressure forces cannot affect the initial dynamics.

A lower-bound to the value of ��­ in Eq. (14) can thus be obtained as follows. We consider the short-time regime
in which the pressures are insignificant and the films adjacent to the ruptured one develop a large (initially infinite)
curvature 1/ ª © – see Fig. 6b. Therefore the velocity of the original vertex is given by

I § © | IML 3�~�| ª © and geometry

gives §S©a' L *E3 ª ©h'2{U| ± R +B~�* . Eliminating ª © and solving gives §0©�' L *E3Qµ ± L with µi3·¶ {K'!{Z| ± R +D~	*?¸Q®K7º¹h¹aX .
Since we over-estimate the curvature in this way, this provides a lower bound to the velocity and therefore a lower-
bound to �5­ is �5»½¼(¾­ 3¿§«' L *s| ± L 3l{ZµÀ¸Á~h7³~h~ , in close agreement with the value �m­Â3Á~Z7½~	¦ obtained in the
simulations.

In a similar manner, by calculating the area ¬ © swept out by the film, we can calculate an upper bound to �m­ . Von
Neumann’s Law states that

I ¬ © | IML 3 P | R , while geometrical considerations show that ¬ © 3 ª ;© 'F~�| ± R + P |aXZ* . Using
the relationship between § © ' L * and ª © given above, we find an upper bound��ÃÅÄ­ 3 §«' L *± L 3À{%Æ P 'F~�| ± R + P |�XZ*R '2{U| ± R +Ç~�* ; ¸u~h7 R X%7 (15)

Note that in practice both these arguments can be extended to provide bounds for the case of any included angle
rather than just { P | R .
3.2 Neighbour swapping (T1)
Another aspect of great importance to the temporal evolution of a foam structure is the dynamics of a single T1
topological change, involving a neighbour switch between four bubbles – see Fig. 8. To create a single T1 we choose
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Figure 7: The increases in the square of the distance of the vertices from their original position, §«' L * , after film
rupture. The length scale � is set by the mean bubble area, ¤ J?¥ 3Ó~�|a¦ R . Time is measured in units of c,�/3^#%� ; |	
 ,
and the time-step was Ô L 3�~9® Ð6Õ . For the short times shown in the inset, the data follows a square-root power-law
with coefficient �5­j¸u~h7³~9¦ .
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Figure 8: Sketch of neighbour swapping event. We inflate and deflate bubbles as required to create a zero-length edge.
The topology is then changed according to a T1 neighbour swapping process, and the system is allowed to evolve
following viscous froth dynamics. We measure the increase in length of the new edge, §«' L * .
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Figure 9: The increase in the length of the new edge, §«' L * , after a T1 event. The length is measured in units of �
associated with the mean bubble area ¤ J?¥ 3u~�|a¦ R and time is in units of c&�v34#%� ; |	
 . The time-step was Ô L 3f~	® Ð6Õ .
The inset shows the square of the length, which is a straight line (with a small offset due to the vertex separation at the
T1, which is finite but very small) since the data follows a square-root power-law with coefficient �×©<¸u~h7ÙØ .
one film and slowly vary the volumes of the four neighbouring bubbles, in such a way as to obtain a thoroughly
equilibrated structure with the chosen edge length close to zero. After updating the topology according to the T1
topological change, we let the system evolve and measure the increase in length of the new edge, denoted §«' L * .
Again, there is an initial square-root increase, §«' L * 3À� © ± L 7 (16)

For long times, as the structure approaches a new equilibrium, the motion of the network slows down exponentially.
An example is shown in Fig. 10. In this regime the distance § is no longer a good measure of the structural response.
Instead, we evaluate the overall edge length �ÛÚ ¼ Ú�' L *�3Ü�WÝf�Ç��ÝuÞ Ð Ú�ßsà(á (17)

where � Ý is the edge length of the relaxed structure.
In this case we performed four simulations. We estimate � Ý ¸â~h7 R and ã Ý ¸À®K7 ®Z{�3u~h7 XhX�c � for the asymptotic

time constant.

3.3 Application to neighbour switching in a bent channel
As a further illustration of the implementation of the model, we will present results for an ordered 2d foam structure
which is forced through a narrow channel with a ~9¦h®Mä bend, as in Fig. 11. This is one of many interesting experimental
devices demonstrated in the experiments of Weaire et al. [26]; further details will be given in Drenckhan [27]. In this
case, a chain of pairs of bubbles is pushed through the channel; if the rate at which this moves is sufficiently great then
a T1 topological change occurs somewhere in the bend, causing bubbles that were originally neighbours to move apart.
A quasi-static simulation of this experiment does not show the neighbour switching, in keeping with the low-velocity
experimental results. This problem thus provides a very appropriate qualitative test of the viscous froth model.

For this purpose it is practical to use the Surface Evolver version of our code, mostly in order to accommodate
the constraints representing the sides of the channel. The values of the geometric constants defining the shape of the
channel are clearly important design parameters for such a device, and we will explore their effect on the dynamics in
future work. For the present we vary only the bubble area and bubble velocity to demonstrate the application of the
viscous froth model.

In the simulations described here, the channel is of width å/34{ and the bend has inner radius of curvature ª 3f~ ,
shown in Fig. 11. We insert a chain of 12 bubbles in pairs, all with the same area

J � . We introduce a single bubble
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Figure 10: Example of the long-time dynamics after a T1 topological change, for the same simulation as in Fig 9,
during which the structure relaxes exponentially to a new equilibrium. The total length of all films is plotted over time,
to give a relaxation time in Eq. (17) of ã Ý ¸À®K7 ®Z{ .
of area

J ­ at one end of the channel whose area we inflate at a rate bJ ­ in order to push the other bubbles around the
bend. The bubbles therefore move at a velocity $m3 bJ ­�|aå .

The only other significant parameter is a cut-off length �2í : a film between two vertices which is shorter than �2í is
deleted, allowing a T1 to occur. The parameter �2í is related to the liquid fraction – with higher values, the T1 changes
can occur when two vertices are further apart, as in a wetter foam. We fix this to be � í 3f®K7 ®K~ ; this corresponds to a
rather dry foam, but again, its influence will be investigated in future work.

Rather than a shear
_

of the whole sample, discussed above, this introduces a more complicated deformation which
may be characterised by the time scale c���3 ª ;bJ ­ 7 (18)

That is, the outer films move a distance P å greater than the inner films, over a distance P ª . The shear therefore varies
by an amount åx| ª over a time P ª |�$ , giving a shear-rate $-åx| ª ; which leads to the above time-scale. cC� is roughly
equivalent to c d .

We find, as expected, that for low velocities (i.e. close to the quasi-static limit) there is no topological change as
the foam structure flows around the channel. The structure becomes more deformed as the velocity is increased, with
a consequent reduction in the length of the inner films when they pass around the bend. At a critical value of velocity$ í , for given bubble area

J � , the length of one of these films shrinks to zero as it passes around the bend and the T1
occurs. The critical value of $Zí for a range of bubble sizes is shown in Fig. 12: as the bubble size increases, this critical
velocity decreases.

It seems clear that this critical velocity is determined by the competition between the two time-scales c,� and c � ,
whose ratio c[�U|�c � is proportional to the product

J � $ . If no other length scales are required to determine the time-scalec�� in this situation, the critical velocity should decrease with the bubble size. The line $xím3¯®K7 R ¹ R | J � �Ü®%7 XZ¦ Ö is
shown in Fig. 12, and is in reasonable agreement with the numerical results.

In the simulations described here there can be significant end-effects associated with the front and back ends of
the finite bubble train. These may also occur in the corresponding experiments, and we thus describe them in order to
give a suggestion of the predictive power of the viscous froth model. Firstly, note that we have considered only one
possible orientation of the ordered foam structure – another possibility is for the leading (unshaded) bubble in Fig. 11
to be on the inside of the channel. In this case the critical velocities are approximately a factor of two higher. Secondly,
the leading and trailing bubbles do not behave in the same manner as those in the bulk of the foam structure, but if a
T1 occurs for the leading bubble then the topological change will propagate through the structure.

For small bubble areas it is not possible to make a stable ordered structure of the type shown in Fig. 11 – instead
the structure will be one in which three or more bubbles span the channel. Or, for slightly larger areas, a structure such

11
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proportion to the bubble size (the line is $m3Ü®%7 R ¹ R | J �U�×®K7 Xh¦ Ö ), within the limits of possible structures. Outside these
limits, i.e. for small values of bubble area less than about

J �\3 0.28 and larger values greater than about
J �\3 Ö , it is

not possible to create a stable structure of this type in the channel. For bubble areas of between
J �<34®K7º{a¦ and 0.6, a

rather different behaviour occurs at high velocity in which the T1 is seen only for alternate bubble pairs (see Fig. 13).
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Figure 13: For small bubbles, in this case
J � 3B®%7 ¹ , a T1 transformation occurs only for alternate bubbles, leading to

the final structure shown.c � =]c � O c d Ideal soap froth.
Quasi-static equilibrium description of general rheology with diffusion.
Instantaneous structural changes after topological rearrangements.c��5=¿c��v=¿c�d Ideal soap froth model applied to diffusion without rheology.
Von Neumann’s Law.c � =¿c d =¿c � Ideal soap froth model applied to rheology without diffusion.®v=¿c��ù=¿c�d O c�� Ideal grain growth (curvature driven).
Mullins’ Law.®v=¿c � O c d =¿c � Viscous froth model applied to rheology without diffusion.
Finite relaxation-time structural changes.
Fixed cell areas.®v=¿c�� O c��ù=¿c�d Viscous froth model applied to diffusion without rheology.
Finite relaxation-time structural changes.
(Generalised Von Neumann’s Law)®v=¿c � =¿c � O c d Viscous relaxation to static equilibrium structure.

Table 2: A summary of some regimes of the 2d viscous froth model. The general case (all time-scales of the same
order) might be described as rheology and diffusion with dissipative effects.

as that shown in Fig. 13 can occur, with a T1 transformation only for alternate bubble pairs. For large bubble areas the
structure dissociates into a “bamboo” structure with plane parallel films separating bubbles that span the width of the
channel.

The fact that such an elementary example has such a rich variety of behaviour underlines the need for a simple
method of simulation, if devices are to be designed to manipulate ordered foam structures [28].

4 Conclusions
The two-dimensional viscous froth model provides a simple and tractable description of the dynamics of a foam by
retaining viscous drag forces on the moving Plateau borders. We have revisited selected features of the model and
discussed limiting cases as well the general scaling features. A straightforward scheme has allowed us to implement,
for the first time, a simulation of 2d viscous froth dynamics which retains full geometrical details. The simple form
chosen for the viscous drag provides a good qualitative guide to the results of rheological experiments.

The present model is intended partly as an heuristic guide to the understanding of the effects of incorporating
viscosity. As such it should take a place alongside others [8, 9] which have complementary advantages. Comparison
with experiment, as presented here and in further work to be published, suggests that it can serve as a semi-quantitative
guide to the interpretation and design of specific experiments. In certain cases we can observe deviations from the
predictions of the model, such as apparent departures of vertex angles from 120 degrees, and we expect to develop
refinements to cope with these. However, there are several different possible sources for such deviations, such as the
changes in tension due to the stretching of the films [29], and most of them are not easily captured. There is also, for
example, the possibility of a significant role for longitudinal flow in the Plateau borders. Systematic experiments will
be undertaken to guide further progress in theory and simulation.
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The first results from this model begin to shed light on the effect of the various competing time-scales in the
evolution of the froth, summarised in Table 2. Application to a simple rheological situation has allowed us to show
that the model qualitatively reproduces what has been observed in experimental work in a quasi-two-dimensional
geometry. We anticipate application to further rheological experiments, with the requirement of a more detailed
quantitative comparison. In particular, the model should prove a valuable tool for the efficient design of experiments
and devices.
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pressure forces and viscous forces vanish in this limit.

A Vertex dynamics
To what rules does the motion of a vertex conform in the present model? This question was raised in the context of
curvature driven growth [1, 2]. It is not immediately evident that the motion of the boundaries according to curvature
entails any simple local rule, but this is the case. Here we shall generalise some previous results [1, 2, 23] to the
viscous froth model to account for the role of cell pressures, and add some discussion of singular cases. To do so we
express the motion of a vertex as a translation (with velocity ÿ ) and a rotation (with angular velocity � ).

Vertex angles Evolving structures in both the quasi-static soap froth and the grain growth models maintain angles
of 120 degrees between films at a vertex. This remains valid for viscous froth dynamics.

To justify this, consider a small volume around a vertex, as illustrated in Fig. 14. The vertex is subject to the
forces exerted by the film tensions, gas pressures and drag forces. As the control volume shrinks to a point, only
contributions from the tensions remain, and therefore a force balance between tensions alone must hold. The vertex
itself remains in equilibrium and Plateau’s rules imply angles of 120 degrees, as long as no explicit drag force on
the vertices themselves is introduced. Frost and Thompson [24] have performed simulations in which all of the drag
forces are located at the vertices. Here we will maintain the alternative assumption, that drag forces are exerted on the
moving boundaries of the cells. The case of instantaneous configurations after topological changes, which may not
respect the condition of 120 degree angles, will be discussed below.

Curvature sum rule The velocity ÿ of a vertex is required to be consistent with the motion of all three boundaries,
if they are to continue to meet at a point. Each (normal) velocity is given by#<ÿzT �� ¨ 3À��
 ¨ +-
?. ¨FO (19)

where
� 3f~ O { O R labels the films joining a given vertex. The symmetry of the vertex dictates thatN ¨ �� ¨[3À®K7 (20)

Using this, as well as the fact that �A��
C¨C3À® , since the pressure differences are defined cyclically, the summation of
Eqn. (19) for

� 3f~ O { O R gives N ¨ .S¨[3À® O (21)

where .S¨ stands for the limiting value of the film curvature as the vertex is approached. Hence it follows that the
curvatures just around a vertex must add to zero, just as in the simpler curvature-driven case. Eqn. (21) is a necessary
condition, which holds at all times other than those of the instantaneous singular cases mentioned above.
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Vertex translation A general rule may be derived for the translation velocity ÿ of a vertex, relating it to the curva-
tures of all three boundaries at the vertex. To obtain an explicit formula for ÿ , we useÿ}3 {RvN ¨ �� ¨%' �� ¨�TgÿC* (22)

which again follows from vertex symmetry, in order to obtain#<ÿ}3 {R N ¨ '2��
 ¨ +}
e. ¨ * �� ¨ 7 (23)

This generalises the previously derived rule [23] to incorporate pressure differences between bubbles.
For coarsening dynamics we have shown that the quasi-static regime is characterised by #�H0=�~ . Von Neumann’s

law (Eqn. 4) shows that the vertex velocities in this limit are of order $ ���E­ �^HM
[|�� , where � is a measure of a cell
size, e.g. its mean radius. Thus ��
 ¨ +-
�. ¨ �4#�H 
� '2#×þ]®Z* (24)

in the more general viscous froth case. In the quasistatic limit, all velocities disappear asymptotically and no motion
takes place, except from singular shapes such as those to be discussed now.

Vertex rotation We will omit the details of the derivation of the explicit formula for the rotational velocity � of the
vertex, which are contained in [23] and simply state the result:�Â3 ~R 
 # N ¨ � .S¨� )	¨ 7 (25)

Incidentally, it should be noted that the individual terms of the sum do not give the angular velocity of the correspond-
ing arms of the vertex. Rather, there is an additional term, which averages to zero when all three expressions are
averaged. The equality of rotational velocity of all three arms imposes further consistency conditions on ÿ , .z¨ and.-8¨ , which will not be explored here.

Singular cases The above argument applies to any vertex respecting the 120 degree condition. It is possible, how-
ever, to prepare a system in an initial configuration which does not respect these rules. In fact, topological changes
naturally lead to such deviations in vertex angles (T1 process) or, in the case of film rupture, to kinks in the bound-
aries (film rupture). Since neither pressure forces nor drag forces act on a point, the surface tension force remains
unbalanced, implying an infinite velocity. Such dynamics are illustrated in section 3.

In contrast, suppose now that the angular conditions are satisfied, but that the curvature sum rule �k.S¨?3¯® is
not. It is possible to define such an initial configuration. Just as an infinite velocity is entailed (only) at the vertex in
the previous case, so an infinite angular velocity follows here. We may redefine curvatures precisely at the vertex, to
satisfy � . ¨ 3B® , but this entails an infinite term

� . ¨ | � ) ¨ in each case: hence the infinite angular velocity, according
to Eqn. (25).

B Numerical implementation
We describe here the details of the numerical implementation of the viscous froth model. This is based upon a
discretised representation of the network of films – refer to Fig. 15 for an illustration.

Dimensionless units As indicated in the text, we first write the defining equations in terms of dimensionless vari-
ables: the typical energy-scale is 
?� , and the (2d) pressure-scale is 
[|�� , where � is, as before, the mean bubble
radius. Thus we write Eqn. (1) as �	�
 + �.A3��$ O (26)

where the dimensionless variables are�
 3 

[|�� O �.A3Ü.u� and �$�3 $
[|M'2#���* 7 (27)

The model therefore contains no explicit parameters beyond the obvious scaling relations and, potentially, additional
geometrical properties of the structure (such as its polydispersity). Any externally imposed constraints, or additional
features of the model, such as gas diffusion, will of course also introduce additional dimensionless parameters, as
discussed in the main text.
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Discretisation We have to resolve all films into a sequence of points, connected by line segments of finite length
(edges). As the number of discretisation points is increased, this can represent a smooth curve as closely as required.
We denote the edge vectors associated with the segments by ��¨ . All errors are dependent upon the average length of
the discretised films, ¤
�2¨ ¥ |�� , and the dispersity in edge length.

The pressure force associated with a point, which must also act in the normal direction, is therefore���Ä 3À��
B� Ä �� Ä (28)

where we attribute one half of each adjacent edge to a point p:

� Ä 3 ~{ � ���Ä ��� ÐÄ � 7 (29)

To make contact with the equation of motion (Eqn. 1), it may be useful to observe that this amounts to attributing a
curvature vector � 3 � � �Ä + � � ÐÄ� � Ä � ¸ � � �� ) (30)

to each point 
 , as is indeed the lowest-order approximation to the definition of curvature intrinsic to the curve, as
indicated in the last term of Eqn. (30). It would ultimately be desirable to incorporate higher order terms. Here, we
have instead used the simple approximations stated for the normals and for the curvature. Since these are accurate
only if the length disparity between adjacent edges are small, we have taken measures to ensure this in our simulation
(see below).

The interfacial tension induces a force
���Ä on a point 
 , which is given by� �Ä 3 � ���Ä + � � ÐÄ (31)

where
� �
�Ä 3����Ä | � �
�Ä � are the unit tangents of the edges to either side of the point 
 , assuming consistent orientation of

consecutive edges (see Fig. 15). Since the Laplace law (Eqn. 2) requires the surface tension force to be normal to the
surface, we use this to define a normal to a point 
 as�� 3�� �� �Ä + � � ÐÄ � |"!!! � � �Ä + � � ÐÄ !!! 7 (32)

Velocities and displacements The velocity of a point 
 on a film is determined from the local geometry and the
pressures of adjacent cells, according to the dimensionless viscous froth equation of motion:$$# �5
 O .&%e34��
À+Y.«7 (33)

The velocity $ is in the normal direction, its sign being chosen consistently with the signs of the pressure drop ��

and curvature . . In the next time-step Ô L the resulting displacement is then made in the normal direction associated
with this point. Once each point of the discretisation has been displaced, we move all vertices in order to maintain
angles of 120 degrees, using an (analytic) solution of the Fermat-Steiner problem [30]. This rule for vertex motion,
albeit in the spirit of the arguments given in appendix 2.4, is only correct to lowest order, since no curvature of the
line segments is considered when determining their point of intersection. A more careful extrapolation procedure

'''''''''''''''''''''''''''''''''''''''
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Figure 15: Illustration of the discretised representation of the curve representing a film.
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would be desirable, and is envisaged in future work. The error made by imposing 120 degree angles decreases as the
discretisation becomes finer, and can in principle be made arbitrary small by successive refinements.

On the technical side, it is preferable to work with a tesselation of edges of comparable length, for which our
discretisation is most accurate. In order to achieve this, we define a narrow range for the desired edge length. After
each time step longer edges are refined and shorter ones fused. In our ab-initio implementation, we have furthermore
introduced small artificial tangential displacements of the discretisation points, designed to keep the latter equally
spaced while leaving the shape of the interface unchanged.

Bubble pressures and constant areas After evaluation of the local geometry and calculation of the resulting surface
tension forces, we must calculate the bubble pressures. In the general case (arbitrary exponent y in the dissipation law,
Eqn. 7) this can be done using an iterative procedure, introducing a penalty function to keep the bubble areas fixed.
We will illustrate here a simplification, leading to a more efficient scheme, for the special case of a linear dissipation
relation ( y-3¯~ ). Any change in cell pressures leads to corresponding changes in the cell areas, and in this case the
relationship is linear. The changes in cell areas are also subject to the generalised von Neumann’s law (Eqn. 10), and
hence are known independently. The existence of the generalised von Neumann’s law thus reduces the problem to a
single solution of linear equations.

To this end we integrate the equation of motion (Eqn. 1) around the boundary
� � of an arbitrary bubble � . The

change in area of the bubble is equal to the integral of the normal velocity field $ on the surrounding films:IKJ �IML 3�354 � $\åU�[36354 � '2��
À+Y.}*�åU�17 (34)

As in the derivation for the coarsening dynamics (see e.g. [1, 2]), Gauss’ theorem says that the curvature must integrate
around a bubble to { P , deducting P | R at each of the V � vertices:IKJ �IML 3 P R '�V[��+YXZ*�� N �2" '�
,��+Y
&� " *M�W��� " O (35)

where the summation is over all bubbles �Å8 adjacent to � , and where �����!" is the length of the film shared by bubbles �
and ��8 . Generalising the definition of a length �2�!�!" to� �!�!" 3À® if � , ��8 are not neighbours, or if ��34�g8 (36)

it becomes clear that the previous equation represents in fact a simple matrix equation for the
�

bubble pressures,` ��� "�
 � "C3 b7 � (37)

in which the vector 
 � contains the bubble pressures. The matrix
` ��� " is a purely geometrical object, obtained by

explicit summation for a given configuration:` ��� " 398 � � " " � ��� " "C3B� Ú ¼ Ú� if �<34��8+�� ��� " otherwise. (38)� Ú ¼ Ú� is the total length of the perimeter of bubble � . Thus to find
` ���!" we need only to calculate the length of each film.

The
� : � matrix

` ���!" is sparse in a large bubble cluster, since its off-diagonal entries are non-zero only if bubbles �
and ��8 share a film.

The calculation of the right-hand-side vector b7 � is also straightforward, although the nature of the calculation
depends upon the situation. Its � Ú�: entry is b7 ��3 I%J �IML + P R 'WV[� +iXU* O (39)

where V � is the number of sides of the bubble � . In the study of rheology, it is usual that the bubble areas do not vary,IKJ �q| IML 3À® , leading to a further simplification. Nevertheless, gas diffusion is conceptually straightforward to include,
since the area variation of a given bubble can be deduced from the generalised von Neumann’s law (Eqn. 10) for any
given permeability constant H .

The evolution of the network can now be projected a time step Ô L ahead, according to Eqn. (33). Two technical
points are worthy of mention: (i) even in the case of fixed bubble areas, slight numerical inaccuracies can lead to
variations in the individual cell areas; we then choose a value of

IKJ �q| IML for each bubble that restores its specified
area. (ii) When applied to a periodic cluster, the matrix equation (Eqn. 37) is singular. The eigenvector with zero
eigenvalue corresponds to adding an overall constant to all cell pressures. It is therefore sufficient to determine any
solution for the pressure, which can be done using special techniques [31].
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