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Abstract

Candidates to the least perimeter partition of an equadateangle intoN planar connected
regions are calculated fa¥ < 45. A Voronoi construction is used to randomly create the
candidates and then the perimeter of each is found with tha&uEvolver. The optimal
configuration for eacN has no more than one defect pair, and its location is deteahiny
the proximity ofN to a triangular number, allowing a prediction to be made lier aptimal
structure of partitions for large\.

1 Introduction

The surface energy of a two-dimensional foam is simply itehpeter multiplied by surface tension
(Weaire and Hutzler, 1999). A foam attains a local minimunthe$ perimeter, subject to the
constraint of fixed bubble volumes. Here, we seek the arraegeof bubbles that gives the global
minimum.

The local structure of perimeter-minimizing bubble clustes well defined: perimeter mini-
mization implies Plateau’s rules (Plateau, 1873; Tayl&76): three and only three edges meet
at a point at 120 The Laplace Law relating pressure difference and cureatgives the further
condition that each edge is a circular arc. These condism@asugmented in the present case by
the rule that edges meet the bounding walls &t 90

For bubbles filling the plane, the hexagonal honeycomb isr@gbtin this sense (Hales, 2001).
For finite clusters, the problem is related in that bubbledran the periphery of the cluster are
likely to be hexagonal. For small numbers of bubbMs; 3, there are various proofs of optimality
for free clusters (in R, and clusters confined in disks; see e.g. Morgan (2000)hiéimala
(2004); Cainete and Ritore (2004). For largérand different confining geometries, there are
only conjectures; see e.g. Bleicher (1987); Alfaro et a9Q); Cox et al. (2003); Cox (2006);
Baumann (2007). The latter are usually based upon the assumtpat in the global minumun
each bubble consists of a single component; we use this assunof connectedness for the
triangular confinement considered here.

In this paper we impose the periphery of the cluster to be arnlaggral triangle, determine
candidates to the least perimeter arrangement, and exadngnefluence of the periphery in cre-
ating deviations of the cluster from the regular hexagowaldycomb. That is, we seek the least
perimeter partition of an equilateral triangle itiocells of equal area, equivalent to the energetic
groundstate foN monodisperse bubbles or the optimal packing of equal-arzts. We examine



values ofN up to 45 and record the least perimeter, the number of peaphabblesN, and the
configuration that realizes the least perimeter.

Triangular numbers of the formy = %i(i + 1), for positive integers, are “magic” numbers.
That is, for values oN = Nt the cluster formed by cutting a triangular segment from aabgex
nal honeycomb and allowing it to deform slightly to satisfga constraints provides the global
minimum. For otheN there are defects in the optimal solution, by which we medblas in the
bulk that do not have six sides, bubbles that touch a wall amd tiave five sides, and bubbles in
the corners of the triangle that don’t have four sides. This loe made general with the idea of
topological charge (Graner et al., 2001): bubbles have melogg= 6 — n— b, wheren is the num-
ber of sides (including those that form the external boupdéthe triangle) and is the number
of boundaries with which the bubble is in contact. Thus hexagn the bulk have zero charge.
Cox et al. (2003) found that in the free cluster case, pas#ind negative charges tended to be
associated.

2 Method

We consider an equilateral triangle of side-length 1, containingN < 45 bubbles of areA =
v/3L?/(4N). We report the internal perimetBr or cut-length (i.e. the total perimeter minus three).

For smallN < 6, we enumerated all possible (connected) candidates tthignlgast perimeter
one.

For largeN, we use a method based upon a numerical computation of tmeaatrrangement
of particles with a 1r? inter-particle potential and a harmonic confining potdr(tess et al.,
1993). The latter is deformed to be triangular in shape. BonH many different arrangements of
the particles are computed, based upon random initial planés. The resulting pattern is used as
the basis for a a Voronoi partition (Barber et al., 1996), tHreh the resulting cellular structure is
imported into the Surface Evolver (Brakke, 1992), area tramgs applied, and then converged to
a minimum of perimeter. Any short edges are altered, thraulgheighbour switching processes
(Weaire and Hutzler, 1999), to seek better nearby minimais plocess becomes slower Ids
increases, and even though fdr> 20, about 10,000 candidates are tried, and several thousand
found, for eachN, likely-looking minima are not always apparent. We therefsupplement this
automated procedure for > 30 with manipulations of the existing best candidate, baseuh the
intuition built up for smalleiN.

3 Results

Our candidate configurations are shown in figure 1, and thienpégrs plotted in figure 2 and
tabulated in Table 1.

For smallN, simple analytic calculations can be used to check thetseswe find the same
candidates foN = 1, 2,3 and 6 as those found by Bleicher (1987) and give better ands £ 4
andN = 5. To the best of our knowledge, no candidates have been fpvéigherN.

We make the following remarks about the candidate configurst

1. Itis never optimal to have an edge emanating from an apéhedfiangle. We suspect that
this could be proven rigorously, at least in the equilateasie.

2. Forthetriangularvaluebl=1,3,6,10,.. ., the optimal candidate consists of part of a hexag-
onal honeycomb, albeit a deformed one that accommodatesgheonstraints. Based upon
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Figure 2: The perimetd?/L and the number of peripheral bubbNgof the conjectured least line
length configuration. On close inspection it is clear thatNa triangular number the perimeter is
particularly low. An approximate formula (2) based upon #qxt hexagonal honeycomb works
well for all N. Np increases monotonically, and is well fitted by the formulpf@k triangular
configurations.

N] P/L [N, N P/L [N, N] P/L [N,
1 [0.000000] 1 16| 3.666221] 13 315584035 19
2 [0.673387| 2 17| 3.829858| 13 32| 5.697594 19
3 [0.866025| 3 183.986210| 13 33| 5.800204| 20
4 |1.305113 4 19| 4.117581| 14 34| 5.897554| 20
5 | 1.584560| 5 20| 4.238181 14 35| 5.990828| 20
6 | 1.732051| 6 214.330127 15 36| 6.062178| 21
7 | 2.049893| 7 224501126 16 37|6.193138| 22
8 |2.294978| 7 23 4.641201) 16 38| 6.300656| 22
9 |2.469856| 8 24| 4.775098| 16 39| 6.405179| 22
10| 2.598076 9 25| 4.900145| 17 40| 6.507262| 22
11|2.844104| 10 26| 5.010126| 17 41| 6.604324| 23
12| 3.043403) 10 27(5.115975 17 42| 6.693674| 23
13|3.223179) 11 28(5.196152| 18 436.780117| 23
14|3.357816| 11 29| 5.344561| 19 44 6.864152| 23
15| 3.464102| 12 30 | 5.465966/ 19 45| 6.928203| 24

Table 1: PerimeteP/L and the numbeN,, of peripheral bubbles of the minimal candidates found
here.



the number of peripheral bubbles in this defect-free casgynopose the following formula
for Np:

3
Np = [é (\/1+8NT—3>}, 1)
where|] denotes the nearest integer. This expression is shown ae filgand fits the data

well, except (at higheN) on either side of the triangular values wheé\g changes more
steeply.

. We also provide an approximate formula for the perinfeteased upon the idea that each

bubble in the bulk attains its optimal hexagonal shape aatléhch wall bubble (except
for those in the corners, which are not significant in thisragjnation) attains the optimal
stretched-half hexagon shape that accommodates the ars@aint. The resulting expres-

sionis
2A 5N, /v3A
Papprox= (3N —2Np —3) 4 | +=2/ , 2
approx= ( p—3) 33 6 5 2)

in whichNp is given by (1), shown on figure 2.

. For all othem there isexactlyone pair of defects, i.e. one bubble with positive topolabic

charge adjacent to one bubble with negative topologicalgehaThis provides a startling
realization of the conjecture of Cox et al. (2003) that diefaetiould associate.

. The position of the defect pair depends upon the proxiwfity to a triangular number. If

N is of the formNy + 1, then the defect pair will touch the boundary. Nifis of the form
Nr + 1 then the positive charge will be against the boundary whieis of the formNt — 1,

the negative charge will touch the boundaryNIfs two or more away froniNy, the defect
pair will move into the bulk, keeping the same orientationthaf positive-negative charge.

. This suggests a recipe to generate the optimal candidateath value oN, given the

optimal defect-free candidate for the neafgst as follows. Find the closest value Nf to
N, and if there are two, choose the lower. Consider each d&fsetconfiguration folNt
as a stack of rows of bubbles. Then add (or subtradt<f Nt) bubbles to/from the middle
of successive rows, starting from the row along the baseeofrtngle, until the number of
bubbles reached. Then re-converge to equilibrium, allowing neighbour sWwihg events
on short edges where required.

4 Conclusion

We have found candidates to the minimal perimeter of pantitiof an equilateral triangle into
N regions of equal area. Equivalently, we have found the dlebargetic groundstate of a two-
dimensional foam confined within a triangular boundary. Wajecture that optimal partitions
for otherN can be found from the nearest “magic” cluster, i.e. fba triangular number, by
adding/subtracting bubbles in successive layers from ik w

LE. Flikkema pointed out to us that, based upon the perimeteh&N = 3 case, the expressi®h /L = Np/\/1_2

appears to give the perimeter of all triangular numbers thuas provides a good lower bound for the perimeter for all

N.
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