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Abstract
Thewell-known experimentof Stokes,wherethe viscosityof a liquid canbedeterminedby measuringthe

velocityof a spherefalling throughit, wasperformedfor thecaseof anaqueousfoam.Theliquid fractionof the
foamwaskeptuniform throughoutthesampleusingforceddrainageandthevelocity of a falling ball wasthen
determinedasa functionof theliquid fraction. In a similar experiment,thepositionof a light sphereplacedin a
dry foamwasrecorded;therateof descentof thesphereis thengovernedby thecoarseningof thefoam.Results
arecomparedwith asimulationof thefoamasacontinuousmediumusingthemodelof aHerschel-Bulkley fluid.
This includesa finite yield stress,above which thefoamflows asa liquid andbelow which it remainssolid.

1 Introduction

In thispaperwegivethefirst detailedanalysis(asfarasweareaware)of theStokesexperimentfor aspherefalling
througha foamandarriveata tentativepower law relationbetweenforceandvelocity.

While considerableprogresshasbeenmadein the physicsof foamswithin recentdecades[1, 2] reliable
knowledgeof rheologicalpropertiesremainslimited. Quasi-staticproperties(shearmodulus,yield stress)arewell
understood,althoughtheir precisedependenceon liquid fractionremainsdebatable[3].

Theflow of foamwhentheyield stressis exceededhaspresentedanumberof interestingquestions,still under
investigation.Thesetopicsincludeavalanches[4, 5, 6], convective instability [7, 8] andhysteresis[9].

Evenapparentlyelementaryexperiments,includingCouetteviscometry, haveproveddifficult to analysein the
past[10, 11, 12]. We arenot awareof any previous discussionof the Stokesexperimentin this context. Our
analysissuggeststhatit canprovidesignificantinformationon therelationshipbetweenstressandstrainrateclose
to theyield stress,with aminimumof instrumentation.

1.1 Phenomenology

In thefamiliarapplicationof thisexperimentto find theviscosity, � , of aNewtonianliquid therelationshipbetween
thedragforce � andvelocity � for asphereof radius� is�����
	 � ���� (1)

However, this formulais notapplicableto a foam,sinceit is highly non-Newtonian.
Insteadwesuggestthefollowing: sincefoamhasafinite yield stress(at leastin apracticalsense,regardlessof

whethertheoreticalargumentsto this effectaresatisfactory),we mightexpectto find��������� ��������������� and (2)� � �����������
where � is a constantdependenton theradius � , the liquid fraction �! of thefoamandits rheologicalproperties.
A minimumforce �"� is requiredto movethespherethroughthis medium.At all pointsweneglectinertiaandit is
thereforeassumedthattheforcesactingon thesphere(weightanddrag)arein equilibrium.

Ourgoalis thiswork is to analysea rangeof datain thiswayandrelatethesefindingsto theHerschel-Bulkley
relation # � #%$'&)(�*+-, � (3)

which is oftenassumedto relatestress,
#

, andstrainrate,
# $

, in a foamundergoingcontinuousshear(
*+ is shear

rate). Theoreticalmodels[12] have supportedsucha relation,with . generallylessthan1 [13, 14]. For ./�10 ,
equation(3) definesa Binghamplasticand

(
representsthe viscosity. The questionis: canwe relate . to the

exponent2 in equation(2)?3
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2 Experiments

Weuseasoapsolutionpreparedwith ordinarydishwasherdetergent(Fairy Liquid) andpushgasthroughasparger
immersedin thesolution.Thefoamwhich is createdis polydisperse,containingbubbleswith anaveragediameter
of lessthan1mm.It is introducedinto aglasscylinder. Theadditionof soapsolutionto thetopof thefoam(forced
drainage)resultsin a foam with uniform liquid fraction. Changingthe flow rate 4 changesthe liquid fraction,
which allowsusto analyseStokesflow throughfoamswith different,but constant,liquid fractions.

For a rangeof spheresizesandflow rates4 , we placeda smallplasticsphereat thetop of thefoamandtimed
its descentthroughthefoam. We assumethatthespherereachesits terminalvelocity immediatelyi.e. thatinertia
is negligible. In figure1 weplot thespherevelocityasa functionof 4 , for sphereswith varyingradii. Wefind that
for eachspheresize,thevelocityvariesapproximatelylinearlywith flow rateand,since,for thedetergentsolution
we used,theliquid fraction �! 65�7 4 , it varieswith thesquareof liquid fraction.
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Fig. 1: Thevelocity of spheresof radii �9��:;�=<?>@>9�-A
>@> and BC>@> immersedin a liquid foam,alongwith their
linear bestfit lines. The BD>E> ball hasa finite velocity for all flow rates,whereasat low flow ratesthe smaller
ballsdon’t move throughthefoam. A flow rateof 4������ :D<?>@FHG?I correspondsto a foamwith a liquid fractionof
roughly �  "J �K� �CL . Thediameterof thetubewas BD�C>@> andits lengthvariedbetween0M< and AC�CNO> .

However, sincetheactualdatais somewhatscattered,we decidedto concentrateon thecaseof zeroflow rate,
andwe postponeany discussionof the effectsof liquid fraction. In this experiment,sincethe foam is dry, we
canmonitor the positionof the spherein the foam visually, aswasnot possibleat higherflow rates. We usea
spherethatwill stayon thesurfaceinitially (theresultsin figure1 suggestthatits radiusmustbelessthan BD>E> ).
Figure2 recordsthe positionof the sphereagainsttime. Initially the sphereis found to move downwardsvery
slowly (velocitiesof theorderof ��� <
>E>PG?>EQSR ), but eventuallyacceleratesto achievelargervelocities,of theorder
of 0TNO>PG?I . Occasionallyit is broughtto a stand-still(or it revertsto movementwith a slow velocity).

Weinterpretthisbehaviourasfollows: topologicalrearrangementsdueto theappliedloadcauseaslow yielding
asis familiar in metallurgy. This creep, aswe shallcall it, is believedto causetheslow initial downwardmotion.
Further, a foam sampleof this kind coarsenscontinuouslydueto gasdiffusion, which resultsin an increaseof
averagebubblediameterin time. This temporalvariationis eventuallygovernedby the squareroot of time, but
over the relatively short time scaleof the experimentwe will treat it as linear. The effect of coarseningis the
gradualreductionof theyield stress,

# $
, since[1] #%$ 5�UKV6W (4)
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Fig. 2: Thesphereis droppedinto a dry foamat time zeroandits positionrecorded.Local inhomogeneitiesin the
foamstructurecausethesphereto hesitatein its descent,giving thehorizontalplateaux,which make curvefitting
difficult. In the key

f �k�-lPi refersto a sphereof radius � in a cylindrical tubeof diameterl (both measuredin
millimetres).All thelinesshow a transitionfrom creepto acceleratedmotion;aftercorrectionfor creepthelatter
is roughlycharacterisedby apower law of position m timenpo �Tq r .
where U is the meanbubble diameter. Hencethereis a point at which the yield stressis reachedcloseto the
surfaceof thesphere,anda differentregimeis encountered.As theyield stresscontinuesto decrease,thesphere
acceleratessinceits velocity is alwaysproportionalto thenet forceactingon it (inertiabeingnegligible). Local
inhomogeneitiesin the polydispersefoamcausethesphereto slow andre-enterthe creepingregime; oncethese
regionshavecoarsenedsufficiently, thelocal yield stressdecreasesandthesphere’svelocity increasesagain.

Sucha descriptionsuggeststhefollowing analysis,to eliminatetheeffectof creepin thedata.

2.1 Data reduction

In the regime thatwe have characterisedascreep,we typically observe a roughly linear variationin the vertical
positionwith time. We thereforeassumethat this alwaysoccurs;we make a linearfit to thefirst partof thedata
andsubtractthis from the laterdata,to remove thecontribution of creep.Thatwhich remainsis fitted to a power
law s ��t fHu � u �?i\v�� uxw�u �D� (5)

Resultsobtainedin thiswayfor theindex y provedto bequitevariable,becauseit is only possibleto fit to theparts
of thedatabetweenthehesitations.We suggestasapreliminaryfinding thatyzm�A|{)��� < (6)

on thebasisof threeexperiments.

3 Theoretical ideas

We now attemptto relatetheseexperimentalresultsto theHerschel-Bulkley model. In this scenario,thevalueof
the yield stressis important: whenever the sphereis sufficiently light (andthe foam bubblessufficiently small)
thenetforceacting(weightminusbuoyancy, althoughthelatteris a smallcorrectionhere)is not sufficient for the
yield stressto beexceededandthesphereis initially supportedon thesurface.

Consideragaintherelations(2) and(3) andfigure3. We employ the following heuristicalargumentto ratio-
nalisetheresultsof theexperimentandthenumericalsimulationswhich follow.

Theforce � is constantwhile ��� decreaseswith time;weassumethisdecreaseto belinearoverthetimerange
of thedataanalysed.We take thederivative of (5) to seethat thevelocity of theball variesas

u v V%W . Comparison
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Fig. 3: While the ball is in equilibrium the stressremainsconstant.The yield stressdecreaseshowever, dueto
a coarseninginducedincreasein bubblesize. Until theyield stressfalls below the equilibriumstressthereis no
motionapartfrom thatdueto creep.

with (2), where � � varieslinearly in time,shows thattheindex y from theexperimentaldatais trivially relatedto2 by yz�}0 & 0?GX2~� (7)

When �"� becomesequalto � , the sphereacquiresa non-zerovelocity � . It is thencontainedwithin a small,
roughlyspherical,yielding regionof radius� &�� � ; seefigure4.

Equivalently, considerthestresson thesphere,assketchedin figure3. In equilibriumthestress
#

is constant
andlessthantheyield stress

# $
which decreaseswith time. We assumethedecreasein yield stressis alsolinear

for thedurationof theexperiment.At a distance
� � from thesurfaceof thespherethestressandyield stressare

equal. Now if the stressdecreaseslinearly with distancefrom the sphere,which may be questionable,thenthis
distance

� � is directlyproportionalto the‘excess’stress
# � #%$ . In any case,theresultingrelationbetween2 and. will bedirectly testedandvalidatedin thenext section.

Now, at thesphere’ssurfacetherateof strainis approximately�;G � � sowe find from equation(3) that# � # $ 5�� �� ��� , �
But since

� �@5 # � # $ we concludethat # � #6$ 5 � ,'�O�^,�� W\� and (8)� � 5 � ,'�O�^,�� W\� � (9)

When .��}0 , theBinghamcase,this gives
� �@5 7 � .

Wewish to relatethestressesandforcesaroundtheball, for whichweneeda lengthscale.Therelevantlength
hereis theradiusof thesphere,sowe canimmediatelyequatetheexponentof velocity in thestressequation(8)
with its exponent2 in theforceequation(2):

2�� .. & 0 . (10)

Sothetentativeanswerto our earlierquestionis YES,we can relate2 to . .
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Fig. 4: Thefoamflowspastastationarysphere.Wesketchacross-sectionshowing thepositionof theyield surface
(dottedline) aroundthesphere.Thesizeof theyieldedregion betweentheyield surfaceandthesphereincreases
with velocity � anddecreaseswith yield stress
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4 Numerical modelling

In � 2.1 we found that the positionof the ball in the foam variesas
u v with ya��A�{��K�=< ; Thenaccordingto (7)

we get valuesof the exponent 2 of velocity in the force equationbetween��� B and �K� �hY . We use(10) to obtain�K� �hY���.���: . Thisconclusionis consistentwith previoustheoreticalandexperimentalvaluesof . , andwe now
testit with a numericalmodelof thebehaviour seenin theexperiments.

We thereforesimulatetheflow of a yield stressfluid arounda sphereconfinedwithin a cylinder, similar to the
analysisof Mitsoulis andco-workers[15, 16]. Usinganaxisymmetricformulation,we hold thespherefixedand
allow thefluid to flow alongthefrictionlesstube.Theboundaryconditionon thesphereis thatof no-slip. Using
theHerschel-Bulkley relation(3) we defineaneffectiveviscosity�C��� � # *+ � #6$*+ &�(�*+p, V%W (11)

where
(

is some‘asymptoticviscosity’ (athighstrainrate).Weinstigateacut-off for valuesof �
��� w �D� (a ‘solid’
viscosity),after which �
��� is constant(at low strain-ratewherethe foam movesasa solid plug). (We find that,
providedit is sufficiently large,thevalueof �D� is not significant.)We retainthefoamdensityas �P�����6�p�����X�  ¡ 0T�C¢�£;G?> n throughout(correspondingto �  ���K� �K0 ).

Streamlinesof themotionarereadilyobtained,but proveof little valueasthereis little differenceseenbetween
runswith differentflow parameters.More interestingis the positionof the yield surfaces(seethe schematicin
figure4); this is takenasthecontourat which theeffective viscosityis no longerequalto thesolid viscosity. As
weshow in figure5, ourcomputationsin theBinghamcase.���0 areconsistentwith thetheoreticalestimate(9):
thatthewidth

� � of theyieldedregiondoesindeedincreasewith 7 � givesusgreaterconfidencein thevalidity of
theassumptionsmadein � 3.

We calculatethe total force on the sphereas a sum of the viscousand pressureforces. This is illustrated
in figure 6 for varying free streamfoam velocity andthreedifferentvaluesof . , which encompassesthe range
dictatedby the experiments.For .¤�¥0 , the Binghamcase,we find ��m�� �Tq ¦ ; that is, 2   ��� B . This andthe
othervaluesobtainednumericallyareshown in Table1; thenumericalresultprovesto beslightly lower thanthe
theoreticalresultthat .§��0©¨ª2«�¬��� < .
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Table1: The index . is thatof the Herschel-Bulkley relation(3). For thesevalues,numericalcalculationsgive
estimatesof 2 , theexponentof velocity in theforceequation(2), tabulatedas 2%ÀÂÁOÃ ��ÄHÅ Æ . Theseareconsistentwith
theproposedrelation(10),andareto becomparedwith thethevalueobtainedfrom experiment,2 ��ÇÈOÉ .
5 Concluding remarks

We have describeda rangeof new experimentson sphericalballsfalling throughfoams.We find thatthevelocity
of a ball varieslinearly with flow rate,andthereforewith the squareof the liquid fraction of the foam. Further
experimentationis now beingundertakento extract theexactdependenceof the resultson thebulk propertiesof
thefoam.

Whena light ball descendsthrougha coarseningfoam,it initially creeps(with positionvaryinglinearly with
time) andthenacceleratesafter theyield stressof thefoamhasbeenreducedby thecoarseningprocess.We find
thatin thelatterpartof themotionthevelocityof a ball varieswith thesquareof time.

Our heuristictheoreticalmodelis qualitatively andsemi-quantitatively consistentwith expectationsbasedon
the Herschel-Bulkley model,andalso shows agreementwith our experiments,to within the wide limits of the
presentresults. Thesesuggestthat the exponent . in the Herschel-Bulkley relation lies between��� ��Y and : .
However, it is not yetpossibleto specify . morepreciselyat this stage

Our numericalcalculationsshow theyield surfacesarounda sphereandthevariationof theforceon a sphere
with its velocity. Theresultssupporttheconclusionsof our theoreticalmodel.Furtheranalysisis now requiredfor
largerparameterranges.
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