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Main observation:

Spreadability
(a distributional symmetry considered by probabilists)

is more or less the same thing as

a semi-cosimplicial object (SCO)
(as considered in homological algebra)
in the category of (noncommutative) probability spaces.

This shows that spreadability has a homological flavour, unlike
other distributional symmetries like exchangeability which come
from symmetries given by group actions.



Basics and terminology of noncommutative probability theory.

A noncommutative probability space (A, ¢) is a unital
(associative complex) algebra A together with a unital linear
functional ¢ on A.

If we have x-algebras and states (normalized positive linear
functionals) then we call it a nc x-probability space.

With commutative x-algebras we include classical probability.

Let's give the following arguments without the .

Obvious modifications in the x-case.



We can think of nc probability spaces as a category with
morphisms from (B,1) to (A, ) given by unital algebra
homomorphisms +: B — A such that g o1t = 1.

We write ¢ : (B,1) — (A, ¢).

If B is a unital algebra then we call any unital algebra
homomorphism ¢ : B — A, where (A, ¢) is a nc probability
space, a nc random variable.

Defining v := @ o+ we get a nc probability space (B,1) and
t:(B,Y) = (A, ) is a morphism.



A sequence (tp)nen, of random variables is called spreadable
if its replacement by a subsequence does not change the joint
distributions (joint moments).

Explicitly:
A sequence (tp)nen, of (nc) random variables is called
spreadable if

@(tn (b1) - - tn (k) = @(Li(ny)(b1) - - - Li(ny) (bk))

for any strictly increasing function i : Ng — Np and all
ng € Ng, bp € B, k € N.

x-spreadable in the category of *-probability spaces



Classical probability: It was recognized that spreadability
allows a very transparent proof of de Finetti's theorem,
via the mean ergodic theorem.

For sequences of classical random variables spreadability is
equivalent to exchangeability (invariance of the distribution
under permutations of the random variables).

So this is really the classical de Finetti theorem (which de
Finetti had in mind).

de Finetti theorem: Exchangeable sequences are mixed i.i.d.
(i.e., the distributions are convex combinations of product
measures).



Also a lot of work on noncommutative de Finetti theorems.

In the spirit of the mean ergodic ideas mentioned above a very
general nc de Finetti theorem (von Neumann algebras,
Heisenberg picture!) was proved by Claus Kaéstler (JFA 2010).
It works with a generalized notion of nc independence of
random variables based on nc conditional expectations.

De Finetti had philosophical motivations for his theorem
wrt the interpretation of probability.
(Not everybody is interested in that.)

| learned from Claus’ result that in the nc domain the de
Finetti theorem also does something else:

It is a source for nc independence (i.e., factorization
properties) derived from certain symmetry properties.

This is highly significant!



Consider the category Ags with
objects: finite ordered sets [n] := {0,...,n}, n € Ny,

morphisms: strictly increasing maps.
Generated by the face maps: (k=0,...,nand n € N)
Kiln=1—=1[n], m—mif m<k, m—m+1if m> k.

They satisfy the cosimplicial identities:

Fo =69 ifi<

Ag is called the semi-simplicial category.

It is a subcategory of the simplicial category A
(which has all non-decreasing maps as morphisms).
— topology



A (covariant) functor from the category Ag into another category
C is called a semi-cosimplicial object (SCO) in the category C.

Or more explicitly:

A semi-cosimplicial object (SCO) in the category C is a
sequence (F"),cn, of objects in C
together with morphisms (coface operators)

SKoFrL 5 F7 (k=0,...,n)
satisfying the cosimplicial identities

¥l =881 if i<y,



Given an SCO in the category of nc probability spaces,
ie.,

a sequence (Ap, ©n)nen, of nc probabilty spaces,
morphisms §¥

5K (AT pp 1) = (A" gn)  (k=0,....n)

satisfying the cosimplicial identities &/8' = §'6/= if i < j.
Form the inductive limit (A, o) from

2

1 n—1 n
(A% o) & (AL 1) 5 A, ) 5

Let i, be the embedding of A, into A, and

n times

LO::IU’07 Ln::MnO(SOO,,,O(SO: .AO_>A00

So the ¢, are nc random variables (arising from the SCO).



Theorem

(tn)nen, (as above) is a spreadable sequence of nc random
variables.

Conversely: For any spreadable sequence we can always produce a
stochastically equivalent version (i.e., with the same moments)
which arises in such a way from an SCO.

Modifications:

The same holds in the category of x-probability spaces.
(Or even with non-unital algebras ...

The use of category theory helps here in many respects.)

There is a way to produce a system of endomorphisms (which
we call " partial shifts”) on the inductive limit which can be
used for proving the de Finetti theorem by mean ergodic
techniques.



We start with ¢,: Ag — Ao constructed as above:

n times
Lo i= [0, ln ::,u,,0500...o(5°: Ao — A .

For k > n we identify 6% on A,_1 with 6"
and think of it as the embedding of A,_; into A,
(in the inductive limit, suppressing all p,).

In this sense, on Ag, from the cosimplicial identities:

N times
P ONtimes 0 500...060 |fN<k
6“0d o0...00 =
N—+1 times
0%0...08% if N> k.

So the k-th power does not appear on the right hand side.



Embedded in the inductive limit A, we can think of 6%
(with k fixed) on all A, simultaneously, as an endomorphism
Qg of Aoo.

This is what we call a partial shift.

Applying a replaces the original sequence (t), by the
specific subsequence which just omits the k-th position.

Iterating this procedure yields any subsequence.

Distribution is preserved because the 6% preserve it
(by assumption: SCO in the category of nc probability spaces).

So (tn)n is spreadable.



Conversely, given a spreadable sequence (¢), with

i (B, ) = (A ¢).

Form a free product *pen,B =: Af

An embedding B into the n-th position

7 Af = A, mo A, = ¢, (universal property)

of '=pomon Af

The sequence (A,)n has the same distribution as a sequence
of random variables into (A", ") as the original sequence
(¢n)n into (A, ).

On the free product we can easily realize the partial shift idea
and, going in the other direction, produce an SCO.

Remark: Other filtrations often do it too, the free product
always works.



Let B be a unital algebra. Then we can form an SCO (for
algebras) (F")nen, with tensor products F" := )| B together
with coface operators

n—1 n
5":®B—>®B, X0®. . . DXp_1 > X0R. . . Oxk_191RxR. . .@Xp_1
0 0

If we choose unital linear functionals (or states in the x-case)
invariant under these operations then we have an SCO in the
category of (x)-probability spaces.

Products @ ¢ on Q) B (for any v on B) do it.

Convex combinations of such products do it.

Our construction applied here yields the basic example of an

exchangeable sequence of random variables:

the embeddings of B into the different positions of the tensor
product (with the functionals above).



How to find other SCOs for nc probability spaces?

Recall that for classical sequences of random variables
spreadability and exchangeability is the same thing.

In joint work with Claus (CMP09) we found that in the

nc setting spreadability is much more general than
exchangeability.

We did this by introducing " braidability”, a way to replace
the symmetric group (coming into exchangeability by
permuting the variables) by the braid group.

This becomes more transparent with the SCO-approach.



Definition (Artin 1925)

The braid group B, is presented by n — 1 generators o1, .

<5 0n-1
satisfying

oi0j0;] = 0;0;0; if |[i—j|=1

0i0j = 00; if|i—j|>1

By C By, C B3 C ... C By (inductive limit)

In fact we don't need inverses of Artin’s generators and work
with the braid monoid B generated by the o;.

Braid diagram for o;



Suppose that BX acts on a set X, we simply write gx € X
for the result of g € BY, acting on x € X.

We define for n € Ny the fixed point spaces
X" ={xeX:okx=xif k>n+2}

increasing sequence X° C X! C ... of subsets of the set X.

Theorem
(X™M)nen, is a semi-cosimplicial set (a SCO in the category of sets),
with the coface operators 5% given by

ok: x5 X" (k=0,...,n, neNp)

X = Ok41---0Opt1X.

Of course, we can use this for other categories described by
sets and mappings with additional structure.
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The figure shows that

(0jg1---0nt1)(Cig1- - Ont1)0ns1 = (Cig1-- - Ong1)(0) - .. Ont1)
(for0<i<j<n)inBL.
Together with

opp1x=x for x¢€ xn1

the cosimplicial identities follow.



Instructive to note that our tensor product example is also of
this type:

Here we have braid group representations which factor
through representations of symmetric groups

(permuting the tensor products in this case).

This is typical for exchangeability.

On the other hand this shows a way to produce examples of
sequences which are spreadable but not exchangeable:

just work with braid group representations which do not factor
in this way!



Let A/ C M be an inclusion of finite factors with finite Jones
index 3 = [M : N].

With M_1 := N, Mg := M, Jones’ basic construction
yields a tower

M_iCMgCcMiC...

We have the Temperley-Lieb projections e, € M, and
eneniien = B len,  enem = emen if [n—m|>2
(for all n,m). Then with 3 =2+ g+ g~ and defining
&n = qen — (1 — ep)

the g, satisfy the braid relations.



With this representation o — g,
define an action of B, on the inductive limit M, by
ox :=gxg ! for 0 € By and x € M.

The trace is invariant under this action.

M = M, commutes with e, and hence with g, for n > 2
(hence providing a 0-object in an SCO).

Conclusion from our Theorems (both!)
(after some additional computation):

The sequence (tp)nen, of nc random variables ¢,: M — M
given by (g :=id and for n > 1

tn=Ad(gn...81)

is spreadable.



Interesting subtlety:

For 5 < 4 (small index) this braid group representation is
unitary and hence, with the conjugation action, we are in the
category of x-probability spaces and we get x-spreadability.

The nc de Finetti theorem applies and yields for example some
(known) properties of the trace (" Markov trace”).

For 5 > 4 (big index) this braid group representation is not
unitary and we only get spreadability (without "x").
No de Finetti available (as far as | know).



We have seen that SCOs provide a clear explanation of
probabilists' spreadability to an algebraist.

Are more advanced tools from homological algebra useful for
the study of spreadability?

For example the (simplicial) cohomology theory which is
associated to SCOs ?

What does the latter mean in the case of the braid
construction?

Via the braid construction we can obtain
a wealth of examples for spreadability:
Just use your favourite braid group representation.

SCOs in nc probability spaces beyond the braid construction?



