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“Bog standard” Burgers equation

Viscous Burgers equation: vµ(x , t),

∂tvµ + (vµ · ∇)vµ =
µ2

2
∆vµ, vµ(x ,0) = ∇S0(x) + O(µ2).

Hamilton-Jacobi equation: ∇S(x , t) = vµ(x , t),

∂tSµ +
1
2
|∇Sµ|2 =

µ2

2
∆Sµ, Sµ(x ,0) = S0(x) + O(µ2).

Heat equation: Sµ(x , t) = −µ2 ln uµ(x , t),

∂tuµ =
µ2

2
∆uµ, uµ(x ,0) = T0(x) exp

(
−µ−2S0(x)

)
.
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Stochastic Hamilton-Jacobi Equation

Hamiltonian Kernel

a(q, t) : Rd ×R+ → Rd , k(q, t),V (q, t) : Rd ×R+ → R.
∇ · a(q, t) = 0,

H(p,q, ◦∂t) =
1
2
|p − a(q, t)|2 dt + V (q, t) dt + k(q, t) ◦ ∂Wt .

Hamilton-Jacobi equation:

dSµ
t (x) + H(∇Sµ

t (x), x , ◦∂t) =
µ2

2
∆Sµ

t (x) dt ,

with initial condition,

Sµ
0 (x) = S0(x)− µ2 ln T0(x).
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Stochastic Burgers equation

Hopf-Cole transformation 1

vµ(x , t) = ∇Sµ
t (x)− a(x , t).

dvµ+ da(x , t) + (vµ · ∇)vµ dt + vµ ∧ (∇∧ vµ) dt

=
µ2

2
∆(vµ + a(x , t)) dt −∇V (x , t) dt −∇k(x , t) dWt ,

with initial condition,

vµ(x ,0) = ∇S0(x)− µ2∇ ln T0(x)− a(x ,0).
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Stratonovich heat equation

Hopf-Cole transformation 2

Sµ
t (x) = −µ2 ln uµ(x , t).

µ2 duµ =

(
µ4

2
∆ + µ2a(x , t) · ∇+

1
2

a(x , t)2 + V (x , t)
)

uµ dt

+ k(x , t)uµ ◦ ∂Wt ,

with the initial condition,

uµ(x ,0) = T0(x) exp
(
−µ−2S0(x)

)
.
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Feynman Kac formula

Theorem

uµ(x , t) = EX

{
T0(X

x ,t
t )×

exp

(
− 1
µ2 S0(X

x ,t
t ) +

1
µ2

∫ t

0
k(X x ,t

s , t − s) dWt−s

+
1
µ2

∫ t

0

(
1
2
|a(X x ,t

s , t − s)|2 + V (X x ,t
s )

)
ds

)}
,

where X x ,t
0 = x and,

dX x ,t
s = a(X x ,t

s ,T t
s) ds + µ dBs, T t

s = t − s, s ∈ [0, t ].
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Stochastic Flow map

Stochastic flow map Φt : Rd → Rd ,

dΦ̇s = −∇V (Φs) ds −∇k(Φs, s) dWs −
∂a
∂s

(Φs, s) ds

− (∇∧ a(Φs, s)) ∧ dΦs,

dΦs = Φ̇s ds,

with initial conditions,

Φ0(x0) = x0, Φ̇0(x0) = ∇S0(x0)− a(x0,0).

Diffeormorphism

Φt(x0) random diffeomorphism up to caustic time T (ω).
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Stochastic Action

Before caustic time t < T (ω):

S̃(x0, t) = S0(x0) +
1
2

∫ t

0
|Φ̇s(x0)|2 ds +

∫ t

0
Φ̇s(x0) · a(Φs(x0), s) ds

−
∫ t

0
V (Φs(x0)) ds −

∫ t

0
k(Φs(x0), s) dWs.

H-J function
Define,

S(x , t) = S̃(Φ−1
t (x), t)

i.e.

S(x , t) = S̃(x0, t), where x0 = Φ−1
t (x) ⇔ Φt(x0) = x
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Stochastic H-J

Theorem

Assume Φt satisfies no-caustic condition for 0 ≤ t ≤ T (ω).
1

Φ̇t(x0) = ∇S(Φt(x0), t)− a(Φt(x0), t) a.e. ω ∈ Ω.

2 S satisfies H.J. equation,

dS(x , t)+
1
2
|∇S(x , t)−a(x , t)|2 dt +V (x) dt +k(x) dWt = 0.

3 Define ρ(x , t) =
∣∣∣det

(
DxΦ−1

t (x)
)∣∣∣ then,

dρ(x , t) +∇ · {ρ(x , t)(∇S(x , t)− a(x , t))} dt = 0.
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Asymptotic expansions

Asymptotic series solution for viscous HJ equation,

µ2

2
∆Sµ(x , t) dt

= dSµ(x , t) +
1
2
|∇Sµ(x , t)− a(x , t)|2 dt + V (x) dt + k(x , t) dWt .

Suppose,

Sµ(x , t) ∼
∞∑

j=0

µ2jSj(x , t).

Formally equating coefficients of µ2,

dSj +
1
2

∑
i1,i2≥0,

i1+i2=j

∇Si1 · ∇Si2 − a · ∇Sj =
1
2
∆Sj−1.



Introduction Stochastic H-J Theory Asymptotic Expansions Singularities in the inviscid limit

Iterated continuity equations

T0(y , t) = T0(y),

Tj(y , t) =

∫ t

0

1√
ρ(ỹ , s)

∆ỹ

(
Tj−1(Φ

−1
s (ỹ), s)

√
ρ(ỹ , s)

)∣∣∣∣∣
ỹ=Φs(y)

ds,

and set,
ψj(x , t) = Tj(Φ

−1
t (x), t)

√
ρ(x , t).

Lemma (Iterated continuity equations)

For a.e. ω ∈ Ω, and 0 ≤ t ≤ T (ω),

dψj +∇ψj · (∇S − a) dt = −1
2
ψj∆S dt + ∆ψj−1 dt ,

for j = 0,1,2, . . . with the convention ψ−1 = 0.
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Iterated H-J equations

Theorem
For 0 ≤ t ≤ T (ω) then for a.e. ω ∈ Ω, the solutions of,

dSj +
1
2

∑
i1,i2≥0, i1+i2=j

∇Si1 · ∇Si2 dt − a · ∇Sj dt =
1
2
∆Sj−1 dt ,

are given by,

S0(x , t) = S(x , t), S1(x , t) = − lnψ0(x , t),

Sj(x , t) =
1

2j−1

−ψj−1

ψ0
+

1
2ψ2

0

∑
i1,i2≥1,

i1+i2=j−1

ψi1ψi2+

+ . . .+ (−1)j−1 1

(j − 1)ψj−1
0

ψj−1
1

)
.
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Sketch of generalisation

For a general Hamiltonian Kernel H(p,q, ◦∂t) consider,

dS(x , t) + H(∇S(x , t), x , ◦∂t) = 0.

Underlying mechanical system,

∂qt(x0) = ∇pH(pt(x0),qt(x0), ◦∂t),

∂S̃(x0, t) = pt ◦ ∂qt(x0)− H(pt(x0),qt(x0), ◦∂t),
∂pt(x0) = −∇qH(pt(x0),qt(x0), ◦∂t),

with initial conditions,

q0(x0) = x0, S̃(x0,0) = S0(x0), p0(x0) = ∇S0(x0).

Then q is a diffeomorphism up to caustic time.



Introduction Stochastic H-J Theory Asymptotic Expansions Singularities in the inviscid limit

Sketch of Generalisation

Define
S(x , t) = S̃(q−1

t (x), t).

Theorem
Assume qt satisfies no-caustic condition for 0 ≤ t ≤ T (ω).

1

∇S(qt(x0), t) = pt(x0),

2

dS(x , t) + H(∇S(x , t), x , ◦∂t) = 0.

3 Define,
ρ(x , t) =

∣∣∣det
(

Dq−1
t (x)

)∣∣∣ ,
then,

∂ρ(x , t) +∇ ·
(
ρ(x , t)∂qt(q−1

t (x))
)

= 0.
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Sketch of Generalisation

Viscous H-J equation,

∂Sµ(x , t) + H(∇Sµ(x , t), x , ◦∂t)

=
µ2

2

n∑
l1,l2=1

∂2H
∂pl1∂pl2

(∇S(x , t), x , ◦∂t)
∂2Sµ

∂xl1∂xl2
(x , t).

Explicitly find formal series,

Sµ(x , t) ∼
∞∑

j=0

µ2jSj(x , t),

using iterated continuity equations as before.
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Solutions of Heat equation

Before T (ω), change of measure with Feynman Kac,

dZµ
s = a(Zµ

s , t − s) ds −
m∑

j=0

µ2j∇Sj(Z
µ
s , t − s) ds + µ dBs.

Theorem

uµ(x , t) = exp

− 1
µ2

m∑
j=0

µ2jSj(x , t)


× E

{
exp

(
− µ2m

2

∫ t

0
∆Sm(Zµ

s , t − s) ds

+
1
2

∫ t

0

2m∑
j=m+1

µ2(j−1)
∑

0≤i1,i2≤m, i1+i2=j

∇Si1 · ∇Si2

)}
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Solutions of Burgers equation

Applying the Hopf-Cole transformation,

vµ(x , t) = −µ2∇ ln uµ(x , t)− a(x , t).

v0(x , t) = ∇S0(x , t)− a(x , t), vj(x , t) = ∇Sj(x , t), j ≥ 1.

Theorem

vµ(x , t) =
m∑

j=0

µ2jvj(x , t)

− µ2∇ ln E

{
exp

(
− µ2m

2

∫ t

0
∇ · vm(Zµ

s , t − s) ds

+
2m∑

j=m+1

µ2(j−1)

2

∑
m≥i1,i2≥0,

i1+i2=j

∫ t

0
vi1(Z

µ
s , t − s) · vi2(Z

µ
s , t − s) ds

)}
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After the caustic time

Before caustic time T (ω),

v0(x , t) = Φ̇t

(
Φ−1

t x
)
, with probability 1.

Caustic forms at T (ω)

Ct =

{
x : det

(
∂Φt(x0)

∂x0

)
= 0

}
Assume Φ−1

t {x} = {x0(i)(x , t) : i = 1,2, . . .n}

Schilder asymptotic expansions

uµ(x , t) ∼
n∑

i=1

θi exp

(
−

Si
0(x , t)
µ2

)
,

Si
0(x , t) := S0 (x0(i)(x , t)) + A (x0(i)(x , t), x , t) .
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After the caustic time

Hamilton-Jacobi level surface

Hc
t =

{
x : Si

0(x , t) = c for some i
}
.

Inviscid limit of the Burgers fluid velocity

v0(x , t) = Φ̇t(x̃0(x , t)),

where x̃0(x , t) is the minimising x0(i)(x , t).

Maxwell set

Mt = {x : x = Φt(x0) = Φt(x̌0), x0 6= x̌0,

A(x0, x , t) = A(x̌0, x , t)}.



Introduction Stochastic H-J Theory Asymptotic Expansions Singularities in the inviscid limit

Cusp initial condition S0(x0) = x2
0 y0

a(x , t) = −1
2
(x , y , z)∧(0,0,Ω), V (x , t) = −1

2
(x2+y2+z2)ω2

Caustic, level surface & Maxwell set
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Cusp initial condition S0(x0) = x2
0 y0

Numerical simulation of v(x , t),
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Swallowtail initial condition S0(x0) = x5
0 + x2

0 y0

Caustic, level surface & Maxwell set

Out[1162]=

-0.5 0.0 0.5 1.0

-3

-2

-1

0

1

Φt
⇒

Out[1165]=

-1 0 1 2

-0.2

0.0

0.2

0.4

0.6

0.8

1.0



Introduction Stochastic H-J Theory Asymptotic Expansions Singularities in the inviscid limit

3D Swallowtail initial condition S0(x0) = x5
0 + x2

0 y0

Caustic, & Maxwell set

Φt
⇒
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